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Abstract
A new simplicial variable dimension restart algorithm is introduced

to solve the zero point or equilbrium problem on the n-dimensional
unit simplex sn. The number of one-dimensional sets or rays along
which the algorithm can leave the arbitrarily chosen startÎng point is
n(n + 1). The simplicial subdivision which underlies the algorithm

differs from the triangulations of sn used so far. In case the algorithm
is applied to find a general equilbrium price vector in an exchange
economy with n + 1 commodities, it ¡tènerates ii piecewise liear path
of prices, connecting the arbitrarily chosen starting price vector with an
approximate equilbrium price vector. At an equilbrium price vector
the excess demand of all commodities is zero. Along the path the

price of a commodity is kept equal to the initial price if the excess
demand of that commodity is neither minimal nor maximaL. If the
excess demand of a commodity becomes maximal, the price of that
commodity is increased from its initial value, and if the excess demand
becomes minimal, the price is decreased from its initial value. Also
a new intersection theorem on sn wil be derived. This intersection
theorem generalizes the well-known KKM lemma and an intersection
result of Freidenfelds on sn.
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1 Introduction

To find an economic equilibrium in an exchange economy or, equivalently,
to find a zero point of a continuous excess demand function on the n-

dimensional unit simplex, a clas of algorithms has been developed, the so

called simplicial variable dimension restart algorithms. The n-dimensional
unit simplex is'the subset of Rn+1 given by sn = tP E Ri+11 Lj Pj = 1).
A function Z : sn -+ Rn+1 is an excess demand function if Z satisfies
pT z(p) == Lj PjZj(p) = 0 for all p E S'\ as well as Zi(p) ;: 0 when Pi = O.

The former condition is known in economics as Walras' law and the latter
one as a desirabilty condition. A point in the unit simplex could be inter-

preted as a normalized price vector assigning a (relative) price to each of
the n + 1 goods in an economy.

A continuous excess demand function results from an exchange economy
where none of the goods are indivisible and where all consumers have clas-
sical preferences and have finite,' positive initial endowments of all goods.
The interpretation of the above is as follows. Consumers satisfy their bud-
get constraints for any given price vector due to (strong) mono tonicity of

their preferences, hence the value of the excess demand is zero for every
consumer. Since the value of excess demand for the economy is equal to the
sum of the values of the excess demands of all consumers, it follows that the
value of excess demand for the economy is zero. Thus Walras' law wil hold
for any price vector. Desirabilty means that if a good is free, then total
demand for that good wil not be lower than total supply of it. This follows
from the (strong) monotonicity of the preferences of the consumers (or even
from local nonsatiabilty) combined with the circumstance that any amount
of this good may be purchased for free. When at a price vector the excess
demand of all goods is zero, the economy is in èquilbrium.

Distinction between algorithms in the class of variable dimension restart
algorithms is made by the number of one-dimensional sets or rays along
which a starting point can be left. The following algorithms exist: a 2-

ray algorithm (Doup and Talman (1987b)), several (n + l)-ray algorithms
(van der Laan and Talman (1979), Doup and Talman (1987a)) and some
(2n+1 - 2)-ray algorithms (Doup, van cler Laan and Talman (1987), Dang
and Talman (1990)).

For a specific algorithm in this class, the unit simplex sn is subdividèd
in n-dimensional simplices such that certain t~dimensional subsets of sn,

o ~ t ~ n, depending on the starting point are subdivided in t-simplices in
a manner which is typical to just that algorithm. Starting from this arbitrary
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point of the unit simplex a path or sequence of adjacent simplices of varying

dimension is generated until a simplex is found that yields an approximating
zero point of the function z. Since there exists only a finite number of
simplices (of variable dimension) and provisions are taken that any simplex
is visited at most once, the algorithm finds such an approximating solution
in a finite number of steps. Simplicial variable dimension restart algorithms
generalize Scarf's algorithm, see Scarf (1967,1973). In Scarf's algorithm the
starting point cannot be chosen arbitrarily but has to be chosen equal to

one of the corner points of sn.
If the accuracy of an approximating solution is not satisfactory, the al-

gorithm is restarted in or close to the approximation found in the previous
round, using a finer simplicial subdivision. The algorithm generally finds
a better approximating solution within typically a small number of steps.
Such restarts can be made until a vector in sn is found where excess demand
is close enough to zero.

An excellent survey of variable dimension restart algorithms to find eco-
nomic equilibria on the unit simplex may be found in Doup (1988, part II).
The original (n + 1)-ray algorithms employ either Scarf's or Sperner's la-
bellng rule. In Scarf's labellng rule, to every point in the unit simplex the

index of one good with the highest excess demand at that price vector is
assigned as a labeL. In Sperner's labellng rule the index of one good with
the lowest excess demand is assigned. When Scarf's rule is used the (n + 1)-
ray algorithm leaves the starting point by increasing the price of the good
corresponding with the index asigned to it. When Sperner's rule is used
the (n + 1)-ray algorithm leaves the starting point by decreasing the price

of the good corresponding with the index assigned to it.
Each (2n+1 - 2)-ray algorithm leàves the starting point by relatively

decreasing the prices of all the goods with negative excess demand and
increasing the prices of all the goods with positive excess demand. Since
the difference between the numbers of directions to leave the starting point,
n + 1 and 2n+1 - 2, becomes relatively large when n increases, the question
arises: Is there an algorithm that uses more than n+ 1 but less than 2n+1_ 2
rays?

The basic idea of the new algorithm in economic terms is to increase
the price of a good from the initial price if the excess demand for it is
maximal, and to decrease the price of a good from the initial price if the
excess demand for it is minimaL. This idea thus constitutes a synthesis of
the approaches taken in the two (n + 1)-ray algorithms mentioned above.

Assuming that the starting point is not an equilbrium, the algorithm is such
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that initially the price of precisely one good with highest excess demand wil
be increased and the price of precisely one good with lowest excess demand
wil be decreased by the same amount. When the starting point is not
an equilibrium the goods with minimum and maximum excess demand are
different goods. Assuming nondegeneracy, at the starting point exactly one
of the n + 1 goods has maximum excess demand, while just one of the
remaining n goods has minimum excess demand. It follows then that there
exist n(n + 1) different combinations, giving as many (potential) directions
to leave the starting point.

The interpretation of the path followed by the algorithm is as follows.
Suppose some reluctancy to change prices exists among agents and the
propensity to adjust prices rises only if apparent scarcity or abundance of
goods occur. Then decreasing the price of the most abundant good and
increasing the price of the scarcest good seems to be very natural. .' .

Several of the simplicial variable dimension restart algorithms mentioned
above, can also be used to derive and to prove certain intersection theo-
rems. The (n + 1)-ray algorithm using Sperner's labellng can be applied
for an alternative proof of the well-known lemma of Knaster, Kuratowski
and Mazurkiewicz (1929). The (n + 1)-ray algorithm using Scarf's labellng
can be used to prove an intersection result of Freidenfelds (1974). The
(2n+1 - 2)-ray algorithm can be employed to prove Shapley's lemma (1980),
a generalization of the KKM lemma.. The n(n + 1)-ray algorithm to be
presented in this paper, can be utilzed to derive a new intersection theo-

rem on sn generalizing both the KKM lemma and the intersection result of
Freidenfelds.

This paper is organized as follows. In Section 2 we give the definitions
necessary in order to formulate the algorithm. Section 3 describes the algo-

rithm and elaborates on the steps taken in the algorithm. In Section 4 we

present the algorithm. In Section 5 we derive a new intersection theorem on
sn.

2 Preliminaries

Let z : sn -+ IRn+1 be a continuous excess demand function, i.e. pT z(p) = 0
for all p E sn, and Zj (p) ;: 0 whenever Pj = O. To find a zero point of
z, let ti E int sn be an arbitrary point in the relative interior of sn. The
point ti wil be the starting point of the algorithm. Then the algorithm
approximately follows a set of points in sn such that for each point p of this
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set it holds that

P" .c v"3 - 3

Pi = vi
P" ). v"3 - 3

if zi(P) = minh Zh(P) ,

if minh Zh .c zi(P) .c maXh Zh(p),

if zi(p)=maxhzh(P).
(1)

Assuming regularity and non degeneracy the set of points in sn satisfying
(1) consists of 

piecewise smooth loops and paths. Exactly one path connects

the starting point v with a solution to the zero point problem. This path, to
be denoted by p¡ can be interpreted as 'follows in economic terms in case at
price vector P the vector z(p) is the excess demand in an exchange economy
with n + 1 commodities. Along the first (linear) piece of the path the price of
the commodity with highest excess dematd is increased and the price of the
commodity with lowest excess demand is decreased. In general, along the
path the price of a commodity is increased from the initial pricè value when
its excess demand becomes maximal and it is decreased from the initial
price value when its excess demand bêcomes minimal, while the prices of
the commodities not having minimum or maximum excess demand are kept
equal to the initial prices. When along the path the price of a commodity
with maximal (minimal) excess demand becomes equal to the initial price
value of that commodity, the excess demand is allowed to decrease from the
maximal value (to increase from the minimal value) while its price is kept
equal to the initial price. The path of points satisfying (1) and leading from
v to a zero point of z, is followed by the algorithm by generating a piecewise
linear path in a simplicial subdivision of sn. Each linear piece of the latter
path lies in some simplex and is generated by making a linear programiing
pivot step in a system of linear equations.

In the sequel we use the following notations. For every positive integer k

let 11: be the set of integers t 1, .. . , k). For A c in+1, -A is defined to be the
set t-jlj E A). Furthermore, let T be"a subset of in+1 U _in+1 such that

Tn in+1 l 0, Tn _in+1 l 0, Tn (-T) = 0. Let T+ = tj E in+1jj E T),
T- = ti E in+1l_ i E T), and T(e) = th E in+1lh ft T+ U T-).

To describe the n(n + l)-ray algorithm we introduce the following sets
in sn.

Definition 2.1 For T as described above the set A(T) is given by

A(T) = tP E snl Pi ~ Vi
Pi = Vi

Pi ;: Vi

if i E T- ,

if i E T(e),

if i E T+).
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Notice that if a point p in sn lies on the path P, then there exists a set T
such that P E A(T), Zi(p) = maXh Zh(P) if i E T+, and Zi(p) = mInh Zh(P) if
i E T-. The simplicial subdivision underlying the algorithm must be such

that it subdivides each subset A(T) into t-dimensional simplices where t,

t = ITI- 1 is the dimension of A(T). To describe such a triangulation we

introduce for every set T a projection p(T) of v on bd sn, the boundary of
sn, see Figure 1 for n = 2.

I
l
l
I
,
I
I
l
,
,
,
,
,
I, ,, ,I ,l ,

P(l+I,+3,-2)) '- ¡,/
...., \''11",,,"

p(\+I,-2D __n____'-;~~_----- _______,. 1t" -- ,,./ I, , ......
,. :/, \,. ,I' I ,í' \i \, 1 ,

e(~)

pq+3, -iD

p(l-¡li -2, - 3))

. e(1)

,.

pn+3)-II-~~)

, .. --

P(ftl/-3ì) . lU+~/-3n
p(i+li+i,-?i~)

e(i)
p( l+~) -I, -30

Figure 1: The projections p(K) of v on bd sn, n == 2.

Definition 2.2 Let K be a subset of ¡n+1 U - ¡n+1, satisfying K+ i= 0,

K- i= 0, K+ n K- = 0, then the projection p(K) of v on the intersection of
A( K) and bd sn is given by

PiCK) = 0

PiCK) = 11i
PiCK) :: 11i(l - LkEK(c) Vk)(LiEK+ 11i)-l

if j E K-,

if j E K(e),

if j E K+.
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With these projections we define specific subsets of the sets A(T) as follows,
...

see Figure 2 for ii = 2. . .

e(3)

A ( ~ + 3, - iJ) ~

Aa+~)-2.!) (+1))

A(1+ '/-~Jl+3J)

A(\+ IJ--iD +-

A(l-l-/-:i\(-~)), .

A (~+3J - i~) (-.i))

AC1+~)-~D

ACl+i,-31,(+ i))

Figure 2: The sets A(TO,r(T1)), n = 2.

Definition 2.3 Let T be as described, above. Let TO be a subset of T,

with exactly one positive and one negative element, let T1 = T\TO, and let
r(T1) = (r1,''', rt-i) be a permutation of the t - 1 elements of T1. Then

A(TO, r(T1)) is given by

t
A(TO,r(T1)) = tP E Snip = V + L a(i)q(i),O ~ aCt) ~ ... ~ a(l) ~ 1),

i=1

where q(l) = p(TO) - v and q(h) = p(TO U tr1,''', rh-l)) - p(TOU tli,...,

rh-i)),h= 2,...,t.

A(T) is the union of all possible sets A(TO, r (T1)) where TO, T1 and
r(T1) are defined as above. Each A(T) is triangulated by subdividing every
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subset A(TO, r(Tl)) of A(T) in t-simplices as follows. Let m be some positiveinteger. -
Definition 2.4 The subset A(TO, r(Tl)) of A(T) is subdivided into t-simpli-
ces u( a,1f) with vertices yl, . . . ,yt+1 according to the Q V-triangulation with
grid size m-1 such that:

1) yl = 11 + m-1 L~=i aU)qU) with a = (a(l),... ,a(n + 1)) an integer
vector satisfying a(n + 1) = ... = aCt + 1) = 0 ~ aCt) :: ... ~ a(l) ~

m-l.
2) yHI = yi + m-1q(1fi) for i = 1,..., t with 1f = (1fl,..., 1It) a permuta-

tion ofthe elements of it such that p ;: p' if a( 11 p) = a( 11 p') and 11 p = k
and 1fp' = k - 1 for some k E t2,..., t).

The union of the simplicial subdivisions of the sets A(TO, r(Tl)) where-
TO, T1 and r(T1) are defined as above is a simplicial subdivision with grid
size m-1 of A(T), whereas the union of these subdivisions of A(T) over all
T induces a simplicial subdivision with grid size m-1 of sn, see Figure 3 for
n = 2 and m = 2.

This simplicial subdivision is called the QV -triangulation because in
some sense, it is a combination of the Q-triangulation and the V -triangulation,
see Scarf (1973) and Doup and Talman.(1987a). We remark that if all com-
ponents of 11 are nonnegative multiples of m-1, then the Q-triangulation

with grid siz~ m-1 also simplicially subdivides every subset A(T).

Definition 2.5 Let T be as described above. For gEt t, t - 1), let u be a
g-simplex with vertices yl, . .. , yo+1 in sn, then u is T - complete if the system
of linear equations

f. Å; ¡ z(i') J - h~') /'h ¡ .~) J - a ¡ .(~-) J - ß ¡ .(~+) J = ¡ î J '

(2)
where e(h) is the h-th unit vector in IRnH and e(Q) = ¿iEQ eU) for Q = T+
or Q = T- , has a solution satisfying Ai ;: 0 for all i E ¡HI, a ~ 0, ß ;: 0,
a ~ J.h ~ ß for all hE T(e).

Let A = (Ai,...,Ao+i), J. = (J.h,h E T(c)). It is easy to see that there
are n + 3 variables if 9 = t and n + 2 variables if 9 = t - 1. There are n + 2
equations to solve. A solution (A, J., a, ß) therefore is (in general) not unique
if 9 = t. In the latter case a solution (A, J., a, ß) is called a basic golution if
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.~ e(3)

p(ftl) -31) fU+~)-:)D
p(i+I)+2/-ò~)

e(2.)e(f)

Figure 3: The QV-triangulation of sn and of the sets A(TO,r(Tl)), n = 2,
m=2.

at least one of the variables a, ß, ).i, i E ¡9+1, equals zero or at least one of
the J1h'S, h E T(e), equals either a or ß.

Assumption 2.1 (Nondegeneracy assumption) Suppose u(y1, . . . ,yo+1) is
aT-complete g-simplex ofthe QV-triangulation with grid size m-1 in A(T).
If 9 = t - 1, then system (2) has exactly one solution ()., J., a, ß), satisfying
).i ? 0 for all j E ¡t, a -c J1h -c ß for all h E T(e), a -c 0, ß ? O.

Furthermore, if 9 = t, then at every solution ().,J1,a,ß) either at most one
variable a, ß, ).i for j E ¡HI equals zero, or at most one J1h, h E T(e),
equals either a or ß.

For aT-complete t-simplex u ( a, 11) with vertices yl,. . . , yt+ 1 in a given
A(T), the set of solutions of system (2) determines under Assumption 2.1
a line segment of solutions ().,¡.,a,ß). A line segment of solutions induces

a linear piece of points p = L;~I ).iY' in u(a, 11). This linear piece has two

9



different end points corresponding with the two basic solutions of system (2).
Therefore this linear piece of pornts in u( a,1I) can be followed by making a
linear programming pivot step in the system of linear equations above with
the variable that is binding at one of the end points. Let the piecewise linear
approximation Z of z with respect to the QV -triangulation be defined as

t+1
Z(p) = L .\iZ(yi)

i=l

where P = L~~l .\iyi E u(a,1I),L;~l.\i == 1,.\i;: 0 for all i E ¡t+1.
For P = L~:l .\iyi in aT-complete t-simplex u(a, 11) in A(T) with solu-

tion (.\, J., ex, ß) it holds that

Zi(P) = ex

ex ~ Zi(P) ~ ß
Zi(P) = ß

and Pi ~ Vi
and Pi = Vi
and Pi;: Vi

I'f . Ti E -,
if i E T(e),

if i E T+ .

. '(3f

Starting at V the algorithm generates a piecewise linear path of points such

that each point P on the path satisfies (3), i.e., the algorithm approximately
follows the piecewise smooth path P by replacing in (1) the function z by its
piecewise linear approximation Z. To do so, it induces a sequence of adjacent
T-complete t-simplices u(a, 11) in A(T) with T-complete common facets, for
varying sets T. Each simplex of the sequence contains a line segment as

. piece of the path, being generated by making a linear programmig pivot
step in system (2), as described in the. next section.

3 The algorithm

The algorithm may start in an arbitrary interior point V of the unit simplex
and assuming that this point is not a zero point of z, we can determine which
component of z( v) is maximal and which component is minimaL. The algo-
rithm wil leave v by increasing Pi if Zi(V) = maXh Zh(V), and by decreasing
Pi if zi (v) = minh Zh (v). We assume that both indices i and j are uniquely
determined. So, the starting point v is left along the one-dimensional set
A( t +i, - j) ). The algorithm wil generate a path of connected line segments
contained in a sequence of adjacent T-complete t-simplices u(a,1I) having
T -complete common facets in sets A(T) for varying sets T, by going for each
simplex in the sequence from one basic solution of (2) to the other one. This
is accomplished by performing a linear programmng pivot step in (2) with
the variable that is binding at the first basic solution.
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For the set of solutions p.,p, a, ß) of (2) with respect to aT-complete
t-simplex u(a, 11) of the QV -triangulation with grid size m-1 in a given set
A(TO, r(T1)), the line segment of points p = L~;'~ ),iyi connects exactly
two points corresponding with the two basic solutions. Each point p on this
line segment satisfies (3). If u(a, 11) is generated by the algorithm, it moves
in u( a,1I) from one point corresponding with a basic solution, say pl, to the
other one, say p2. Then one of the following two situations may occur:

1) p2 is an element of a T-complete facet of u(a, 11) and due to the non-
degeneracy assumption exactly one ),i, i E ¡t+l, equals zero,

2) p2 is in the interior of iT(a, 11) and due to the nondegeneracy assump-
tion, either exactly one Ph, hE T(e), equals either a or ß, or either a
or ß equals zero.

In Situation 1 the algorithm distinguishes two cases. Suppose at p2 that
),,, = 0, then p2 is a point in the T -complete facet r opposit~ vertex 1/:

la) r lies in the interior of A(TO, r(Tl)),

1b) r lies in the boundary of A(TO,r(T1)).

In Situation 2 the algorithm again distinguishes two cases:

2a) either Ph = a or Ph = ß for some hE T(e),

2b) either a = 0 or ß = o.

In Situation la, the algorithm moves from u( a,1I) through the facet r to
the unique t-simplex u(i!,1L) in A(TO, r(T1)) having the facet r in common
with u(a,1I). The parameters 11 and 1i of the new simplex are given in

Table 3.1. By making the adaptations as described above, a new vertex
is generated, say J/, for some s' E ¡HI. This new vertex of u(i!,1L) lies
opposite the facet T in common with u(a, 11) and replaces y" in (2). Next

a linear programming pivot step is performed in (2) with (zTCu"'),l)T by
increasing ),,,, from zero. Thus a line segment in u(i!,1L) is followed and the
algorithm finds a new basic solution.
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s ii !!
s = 1 (112,113,..., ft,1I1) a + e(1I1)

2~s~t (111,...,11"-2,11,,,11,,-1,11,,+1,... ,1It) a
s=t+1 (1It,1I1,1I2,'" ,1It-i) a - e(1It)

Table 3.1 Given u(a,1I) with parameters a = (a(l),..., a(n + 1)) and 1l =
(1ll"", 1lt),lI and Q are the parameters of the t-simplex u(Q,lI) sharing the facet r

opposite the vertex y8 with u(a, 1l). .

In Situation 1b, the algorithm distinguishes three possibilties in view of
Definition 2.4:

1) s = 1, 111 = 1, a(1I1) = m - 1,

2) 2 ~ s ~ t, a(1I,,_i) = a(1I,,),1Iø-l= k - 1 and 11" = k for a certain

k, 2 ~ k ~ t,

3) s = t + 1, 1It = t, a(1It) = o.

1) The facet T lies in bd sn. Therefore, for some i E T- it holds that
Yi = 0 for every yET. This implies yf = 0 and hence Zi(yi) ;: 0 for all
j = 2,... ,t + 1. Consequently, Z¡(p) ;: 0 where p = L~:~ Àitl. On
the other hand, since i E T-, we must have that Zi(p) = a -0 O. This
yields a contradiction, so this situation cannot occur.

2) The facet T also lies in a different subset of A(T), say A(TO, l(T1)) ,

and is therefore a facet of a unique t-simplex u(!!,ii) in this subset.
The necessary adaptations to characterize u(!!,ii) and A(TO, T1) may
be found in Table 3.2. The vertex 1!" of u(!!,ii) opposite T replaces the
vertex y" of u( a,1I) in (2). Next a linear programming pivot step is
performed with (zT C1"),lf by increasing À, from zero. Thus a line
segment is followed in u(Q,ii) until the algorithm finds another basic
solution.
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Case TV, TJ.,r(TJ. ),ß,1!
~

k). 2 TV = TV,TJ. = T1,
r(T1) = (ri"", rk-3, rk-i, rk-2, rk,..., rt-1)
ß = a,1! = 11

k= 2, if ri ). 0 then TV = tri,-j),T1 = T\TV,

TO = t+h,-j) r(T1) = (+h,r2,...,rt-l)

ß = a,1! = 11

if r 1 .: 0 then x.0 = t +h, r1h T1 = T\TO,
r(T1) = (-j,r2,...,rt-i)

ß = a,1! = 11

Table 3.2 Adaptations to be made when the facet r opposite the vertex y3
of u(a,1l) in A(ro, r(Tl)) lies in bd A(TO,r(Tl)) but not in bd A(T).,

3) The facet T lies in bd A(T) but not in bd sn. More precisely, T is a (t-
l)-simplex in A(T\trt-i)). Then the element rt-l is removed from T

and from Tl, and the algorithm continues in A(T) with X. = T\ tr t-l).

The simplex T is the (t-1)-simplex u(ß,1!) in A(TO,r(T1)) as described
in Table 3.3. A linear programming pivot step is performed in (2) with

(eT(j),O)T, where j = rt-1 if rt-i ). 0 and j = -rt-i if rt-i .: 0,
by decreasing ¡ii from ß if rt-i ). 0, and by increasing ¡ii from a if

rt-i .: o. Thus, Pi is kept equal to vi and a line segment is followed

in the simplex u(Q,1!) of one dimension lower until the algorithm finds
a new basic solution in this simplex.

Table 3.3 Adaptations to be made when the facet r opposite vertex y3 of
u(a,1l) in A(ro,r(T1)) lies in bd A(T) but not in bd sn.

If at the basic solution correspondíng with p2 one of the variables ¡ih,
h E T(e) becomes equal to a or ß as in Situation 2a, then let j = k if
¡ik = a, and let j = -k if ¡ik = ß. The simplex u(a, 11) is the facet of

exactly one (t + l)-simplex u(Q,1!) in the subset A(TO ,r(T1) of A(T) where
T = T Uti), as described in Table 3.4 A linear programming pivot step is

performed with (zT(llt+2),l)T by increasing Àt+2 from zero, where llt+2 is
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the vertex of u(g,ir) opposite u(a, 11). The algorithm enters a subset of the
unit simplex of one dimension htgher, such that Pk is decreased from Vk if
Pk = a and increased from Vk if Pk = ß. Thus a line segment in a simplex
of one dimension higher is followed until a new basic solution is found.

T ,T ,l(T ),g,ir
T =T ,T =T1Utn,
l(T1) = (ri,... ,rt-i,j),
g = a,ir = (111,... ,1It, t + 1)

Table 3.4 Adaptations to be made if I-h is equal to a or ßj j = h if I-h = a, and
j = -h if I-h = ß.

If at a basic solution either a or ß becomes equal to zero as in Situation
2b, then the algorithm terminates with solution, say, p, *, p*, a*, ß*). We
call the point p* = L:~t ).;yi in sn an approximating solution of the zero'

point problem of z. Since at p* all elements of Z(p*) are either positive or
negative and Z is an approximation of z, this gives rise to the conclusion
that p* is close to a solution or at least to a point where all components of
z are small in absolute value. How close depends on the grid size m-1.

If the accuracy of an approximating solution is not suffcient, the algo-
rithm may be restarted in p* with a smaller grid size in order to improve
the accuracy of the solution.

4 The steps of the algorithm
The steps of the n(n + l)-ray algorithm to approximate a zero point of a

continuous excess demand function Z on sn, starting at v E int sn and using

the QV-triangulation with grid size m-1 as underlying simplicial subdivision
of sn, are as follows.

Step o. Let Zk(V) = minhzh(v) and zi(v) = maxhzh(V), Set yl = v, TO =

t1,-k), T = TO,Tl = 0, t = 1,11 = (l),a = (O,...,O)T, w = 2,
).1 = l,a = Zk(V), ß = zi(v), Ph == Zh(V), hE T(e).

Step 1. Perform a linear programming pivot step with (zT(yw), l)T by in-
creasing ).w from zero in the following system of linear equations:

~ Å; ¡ z(tl J - .~/' ¡ e~l J -" ¡ e(~-) J - p ¡ e(~+) J = ¡ ~ J

(4)
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where Ài ;: 0 for i E it+1, a ~ 0, ß ;: 0, a ~ ILk ~ ß for h E T(e).

When ILk becomes equal tõa or ß for some hE T(e), or when a or ß

becomes equal to zero, go to Step 3.

Else À" becomes equal to zero for some s E ¡t+1 \ t W l.

Step 2. If 2 ~ s ~ t, a(1I,,-I) = a 
(11,,) 

, 11,,-1 = k -1 and 11" = k for a certain
k, 2 ~ k ~ t, then we can find the necessary adjustments in Table 3.2

to obtain u(Q,1I). Let s' be the index of the new vertex of u(Q,1I), set
W = s', u(a, 11) = U(Q,1I), and return to Step 1.

If s = t+ 1, 1It = t and a(1It) = 0, go to Step 4.
Else replace y" according to Table 3.1 to obtain u(Q,1I). Let s' be the
index of the new vertex of u(Q,1I), set W = s', u(a, 11) == u(Q,1I), and

return to Step 1.

Step 3. If a = 0 or ß = 0, stop with solution (À*,IL"'a"'ß*) and p* =.

L:~~ À¡yi is an approximating zero point of z.
Else if Ilk = a, then -h is added to T, if Ilk = ß, then h is added to T.
The relevant adaptations may be found in Table 3.4 to obtain u(Q,1I),
set t = t + 1, W = t + 1, u(a, 11) = u(Q,1I), and retur to Step 1.

Step 4. The set T becomes T\ tl t-l). The other adjustments may be found

in Table 3.3 to find u(Q,1I). Set 'Y = lt-1, t = t - 1, u(a, 11) = u(g,1I)
and perform a linear programming pivot step in (4) with (eT(j),O)T
where j = 1"1, by increasing the variable Ili from a if 'Y -c 0, and by
decreasing the variable Ili from ß. if "/ :: O. If either Ilk becomes equal
to a or ß for a certain hE T(e), or if a or ß becomes equal to zero,

then return to Step 3.

Else À" becomes zero for some 8 E It+1, and return to Step 2.

Every round gives an approximating solutionp*, satisfying either Zi(P*) ;:
o for all j E in+1 or Zj(P*) ~ 0 for all j E ¡n+1. Whenever this approxima-
tion of a zero point of z is not satisfactory, the àlgorithm may be restarted
with v equal to p* and a larger m. Thus within a finite number of restarts
any a priori chosen accuracy can be reached. ,We remark that the algorithm
could be continued in Step 3 when a or ß becomes O. In that case the algo-
rithm should be terminated when in Step 2 it holds that s = 1, 111 = 1 and
a(1rl) = m -1, or when a becomes equal to ß. In the former case it holds at
p* that Zi(P*) ;: 0 for all j E ¡n+1, and in the latter case that Zi(P*) = a
for all J' E in+1 for some a E R. In both cases it follows, from the property
that pT z(p) = 0 for all P E sn, that p* is also an approximating solution.
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5 The intersectioD theorem
..

Simplicial variable dimenson algorithnì can be used to find an intersec-
tion point of a certain collection of closed subsets covering sn. The most
well-known intersection theorem is probably the KKM lemma, see Knaster,
Kuratowski and Mazurciewicz (1929). Another well-known intersection the-
orem is due to Freidenfelds and this result can be interpreted as a dual to
the KKM lemma. For a survey on intersection theorems on the unit simplex,
we refer to Talman (1991).

The n( n + 1 )-ray algorithm developed in the previous sections also leads
directly to an intersection theorem of closed subsets covering sn. This
theorem can be considered as a hybrid of both lemmas above and these
lemmas immediately follow as a corollary. In the next theorem sn is covered
by n( n + 1) closed subsets. Some of these subsets might be empty. Each
subset of the collection is indexed by a pair (+i, - j) with i, j E in+1~

Theorem 5.1 Let C(+i,-j), i andj E in+1, be closed sets .covering sn
such that for every x E bd sn it holds that x E C(+i, -j) for some jE.¡n+1
satisfying Xi ~ 0 or x E C( +i, - j) for every i E ¡n+1 satisfying Xi = O.

Then there exist an x'" E sn and a nonempty set T'" c in+1 satisfying that
for every i E T'" there exists a JET'" and a k E T'" such that x'" E C(+i,-j)
and x'" E C( +k, -i).

Proof. Without loss of generality we assume that C(+i,-i) = ø, i E ¡n+1.
For x E sn, let z : sn -+ IRn+1 be defined by z(x) = e(i) - eU) for some

i and j E in+1 satisfying x E C(+i,-j) where xi ~ 0 and if no such j
exists then i is such that Xi = O. Clearly, Ll;-l Z¡(x) = 0 for all x E sn.
Given some fixed starting point v E int sn let the n( n + 1 )-algorithm be
applied to z for a sequence of decreasing grid sizes miI, m;I, . ... Suppose

the algorithm finds a vertex x'" in bd Sn satisfying xi = 0 for every j for

which x lies in C(+i,-j) for some i E ¡n+1. Then for every i E ¡n+1

satisfying xi = 0 it holds that x'" E C(+i, -ji) for some Ji E in+1 with
xii = O. Clearly, x'" satisfies the statement in the theorem with T'" equal
to the set tji E in+1lx'" E C(+i,-ji) and xi = 0). Otherwise, in round k,
k = 1,2,..., the algorithm terminates with a, say, t(k)-dimensional simplex
qk with vertices yk,i, . . . ,yk,t(k)+1 such that the system of linear equations

t(k)+1

L À~(e(i~) - eU~)) = 0
h=l

(5)
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has a nonnegative solution Àf, . '.;' À:O:)+1 summig up to one and where i~
and jk E in+1 are such that the verte:1 yk,h of qk lies in C(+i~, -jk) , for
h = 1,..., t(k) + 1. Notice that due to the fact that Li Zi(yk,h) = 0 for every

h, the algorithm can only terminate at Step 3 with both a and ß equal to
zero. The algorithm can not stop at the boundary of sn because ZI(X) ;: 0
whenever xl = O.
Let xk = L~~~+1 À~ yk,h be the approximating solution found in round
k, k = 1,2,. ... When k goes to infinity there exists a subsequence k(l), k(2),

..., such that xk(m) converges to some x+ in sn,t(k(m)) = t for all m,À~(m)

converges to some ÀÎi ;: 0, for all h = 1,..., t + 1, with L~~11 ÀÎi == 1, and

.k(m) . d .k(m) . fi . d' in+1 h 1 t + 1 S'Ih = Ih an Jh = Jh or some Ih an Jh E ,=,..., . ince
the grid size m¡;1 converges to zero when k goes to infinity, we also have
that yk(m),h converges to x+ for every h = 1,..., t + 1. Since for every h

we have that yk(m),h E C( +i~(m), _j:(m)) and every C( +i,- j) i~ closed-, we'
obtain that x+ E C( +ih, - Jh) for h = 1, . . . ,t + 1. Furthermore it follows
from (5), when k = k(m) and m goes to infinity

t+1

L Àh(e(ih) - e(jh)) = O.
h=1

(6)

Now, let T1 = tihlÀh :; 0, h = 1,..., t + 1) and let T2 = .(jhIÀÎi :; 0,
h = 1,...,t + 1). We wil show that" Tl = T2. Take some i E T1 and

suppose i ft T2. Then the i-th equation of (6) yields

HI
0= L ÀÎiei(ih) ~ Àk :; 0

h=l

where k is such that ik = i, yielding a contradiction.
Similarly, take some j E T2 and suppose j ft Tl. Then the j-th equation

of (6) yields

HI
0= - L ÀÎiei(Jh) ~ -Àk .. °

h=l

where k is such that jk = j, yielding also a contradiction.
Hence, T+ = Tl = T2 satisfies the statement of the theorem.
T+ 'I ø since L~~11 ÀÎi = 1.

Notice that

o

The intersection theorem is ilustrated for n = 2 in the Figures 4 and

5. In Figure 4, the set T+ equals t1,2, 3) and x+ lies in the intersection of
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C(+l,-3),C(+2,-1) and C(+3,-2). In Figure 5, the set T* equals t1,3)
and C(+l,-3) n C(+3, -1) conŠIsts of the point e(2). From Theorem 5.1

both the KKM lemma and the intersection theorem of Freidenfelds on sn
follow as a corollary.

e(3)

C(+3)-.i)

ell) e(i)

Figure 4: Ilustration of the intersection theorem, n = 2, T* = -(1,2,3).

Corollary 5.1 (KKM lemma)

Let Ci, . . . , Cn+1 be n + 1 closed subsets covering sn such that for every
x E sn there exists a j E in+1 satisfying xi ~ 0 and x E Ci' Then
ni~tci i: ø.

Proof. For j = 1,..., n + 1, define C(+U + l),-j) = Ci' where j + 1 = 1

when j = n + 1. Moreover, C(+i,-j) == ø whenever i i: j +1. Then these

sets satisfy the conditions of Theorem 5.1. Hence, there exist an x* E sn
and a nonempty set T* c in+1 such th~t j E T* implies j + 1 E T* and
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x* E C(+(j + l),-j). Hence T* = ¡n+1 and so x* E Ci for every j E ¡n+1.
,. o

e(3')

c (+~)-3)

eei) :: C(+))-i')

((+1)-3)

e(i)

Figure 5: TIustration of the intersection theorem, n = 2, T* = t1, 3~.

Similarly, the next intersection theorem follows.

Corollary 5.2 (Freidenfelds' intersection theorem on sn)

Let Ci,..., Cn+1 be n + 1 closed subsets covering sn such that x E Ci
whenever xi = O. Then nj;!f Ci =l ø.

Proof. For j = 1,..., n + 1, define C(+j, -(j + 1)) = Cj, where j + 1 = 1

when j = n + 1. For i =l j + 1, let C(+j, -i) be empty. We wil first show
that these sets satisfy the conditions of Theorem 5.1. Let x E bd sn. Then
there exists a j E ¡n+1 such that xi = 0 and xi+1 :; O. Since xi = 0 we have
that x E Ci. Hence, x E C(+j,-(j + 1)) whereas xi+1 :; O. According to

Theorem 5.1 there exist an x* E sn and a nonempty T* such that j E T*
implies j + 1 E T* and x* E C(+j,-(j + 1)). Hence T* = ¡n+1 and so
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x'" E Cj for every j E ¡n+1. o

Now, let Z : sn -+ Rn+1 be a continuous excess demand function. For
i and j E ¡n+1, let us define C(+i,-j) ~ tX E snIZi(x) = maxhzh(X) and
zi(x) = minhzh(x)). Since Z is continuous, pT z(P) = 0, and Zh(X) ;: 0

whenever Xh = 0, these sets satisfy thè conditions of Theorem 5.1. Hence
there exist an x'" and a nonempty T'" c ¡n+1, such that i E T'" implies there
exist aj satisfying x'" E C(+i,-j) and a. k satisfying x'" EC(+k,-i). Con-
sequently, Zi(X"') = maxh Zh(X"') and Zi(X"') = minh Zh(X"'), hence z(x"') = O.
Any intersection point obtained in this manner is therefore a zero point of
z.
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