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Abstract

A new simplicial variable dimension restart algorithm is introduced
to solve the zero point or equilibrium problem on the n-dimensional
unit simplex S™. The number of one-dimensional sets or rays along
which the algorithm can leave the arbitrarily chosen starting point is
n(n + 1). The simplicial subdivision which underlies the algorithm
differs from the triangulations of S™ used so far. In case the algorithm
is applied to find a general equilibrium price vector in ah exchange
economy with n + 1 commodities, it generates a piecewise linear path
of prices, connecting the arbitrarily chosen starting price vector with an
approximate equilibrium price vector. At an equilibrium price vector
the excess demand of all commodities is zero. Along the path the
price of a commodity is kept equal to the initial price if the excess
demand of that commodity is neither minimal nor maximal. If the
excess demand of a commodity becomes maximal, the price of that
commodity is increased from its initial value, and if the excess demand
becomes minimal, the price is decreased from its initial value. Also
a new intersection theorem on S™ will be derived. This intersection
theorem generalizes the well-known KKM lemma and an intersection
result of Freidenfelds on S™. '
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1 Introduction

-

To find an economic equilibrium in an exchange economy or, equivalently,
to find a zero point of a continuous excess demand function on the n-
dimensional unit simplex, a class of algorithms has been developed, the so
called simplicial variable dimension restart algorithms. The n-dimensional
unit simplex is the subset of R®"! given by " = {p € R'_;+1| 2ipi =1}
A function z : S* — R™! is an excess demand function if z satisfies
prz(p) = ;i pizi(p) = O for all p € S™, as well as z(p) > 0 when p; = 0.
The former condition is known in economics as Walras’ law and the latter
one as a desirability condition. A point in the unit simplex could be inter-
preted as a normalized price vector assigning a (relative) price to each of
the n + 1 goods in an economy.

A continuous excess demand function results from an exchange economy
where none of the goods are indivisible and where all consumers have clas-
sical preferences and have finite, positive initial endowments of all goods.
The interpretation of the above is as follows. Consumers satisfy their bud-
get constraints for any given price vector due to (strong) monotonicity of
their preferences, hence the value of the excess demand is zero for every
consumer. Since the value of excess demand for the economy is equal to the
sumn of the values of the excess demands of all consumers, it follows that the
value of excess demand for the economy is zero. Thus Walras’ law will hold
for any price vector. Desirability means that if a good is free, then total
demand for that good will not be lower than total supply of it. This follows
from the (strong) monotonicity of the preferences of the consumers (or even
from local nonsatiability) combined with the circumstance that any amount
of this good may be purchased for free. When at a price vector the excess
demand of all goods is zero, the economy is in equilibrium.

Distinction between algorithms in the class of variable dimension restart
algorithms is made by the number of one-dimensiorial sets or rays along
which a starting point can be left. The following algorithms exist: a 2-
ray algorithm (Doup and Talman (1987b)), several (n + 1)-ray algorithms
(van der Laan and Talman (1979), Doup and Talman (1987a)) and some
(27*1 — 2)-ray algorithms (Doup, van der Laan and Talman (1987), Dang
and Talman (1990)). ‘ ;

For a specific algorithm in this class, the unit simplex S™ is subdivided
in n-dimensional simplices such that certain t-dimensional subsets of S™,
0 <t < n, depending on the starting point are subdivided in ¢-simplices in
a manner which is typical to just that algorithm. Starting from this arbitrary



point of the unit simplex a path or sequence of adjacent simplices of varying
dimension is generated until a siffiplex is found that yields an approximating
zero point of the function z. Since there exists only a finite number of
simplices (of variable dimension) and provisions are taken that any simplex
is visited at most once, the algorithm finds such an approximating solution
in a finite number of steps. Simplicial variable dimension restart algorithms
generalize Scarf’s algorithm, see Scarf (1967,1973). In Scarf’s algorithm the
starting point cannot be chosen arbitrarily but has to be chosen equal to
one of the corner points of S".

If the accuracy of an approximating solution is not satisfactory, the al-
gorithm is restarted in or close to the approximation found in the previous
round, using a finer simplicial subdivision. The algorithm generally finds
a better approximating solution within typically a small number of steps.
Such restarts can be made until a vector in S™ is found where excess demand
is close enough to zero. j o

An excellent survey of variable dimension restart algorithms to find eco-
nomic equilibria on the unit simplex may be found in Doup (1988, part II).
The original (n + 1)-ray algorithms employ either Scarf’s or Sperner’s la-
belling rule. In Scarf’s labelling rule, to every point in the unit simplex the
index of one good with the highest excess demand at that price vector is
assigned as a label. In Sperner’s labelling rule the index of one good with
the lowest excess demand is assigned. When Scarf’s rule is used the (n+ 1)-
ray algorithm leaves the starting point by increasing the price of the good
corresponding with the index assigned to it. When Sperner’s rule is used
the (n + 1)-ray algorithm leaves the starting point by decreasing the price
of the good corresponding with the index assigned to it.

Each (2"*1 — 2)-ray algorithm leaves the starting point by relatively
decreasing the prices of all the goods with negative excess demand and
increasing the prices of all the goods with positive excess demand. Since
the difference between the numbers of directions to leave the starting point,
n+1 and 2" — 2, becomes relatively large when n increases, the question
arises: Is there an algorithm that uses more than n+1 but less than 2"+1 -2
rays? .
The basic idea of the new algorithm in economic terms is to increase
the price of a good from the initial price if the excess demand for it is
maximal, and to decrease the price of a good from the initial price if the
excess demand for it is minimal. This idea thus constitutes a synthesis of
the approaches taken in the two (n + 1)-ray algorithms mentioned above.
Assuming that the starting point is not an equilibrium, the algorithm is such



that initially the price of precisely one good with highest excess demand will
be increased and the price of precisely one good with lowest excess demand
will be decreased by the same amount. When the starting point is not
an equilibrium the goods with minimum and maximum excess demand are
different goods. Assuming nondegeneracy, at the starting point exactly one
of the n + 1 goods has maximum excess demand, while just one of the
remaining n goods has minimum excess demand. It follows then that there
exist n(n + 1) different combinations, giving as many (potential) directions
to leave the starting point.

The interpretation of the path followed by the algonthm is as follows.
Suppose some reluctancy to change prices exists among agents and the
propensity to adjust prices rises only if apparent scarcity or abundance of
goods occur. Then decreasing the price of the most abundant good and
increasing the price of the scarcest good seems to be very natural.

Several of the simplicial variable dimension restart algorithms mentioned
above, can also be used to derive and to prove certain intersection theo-
rems. The (n 4 1)-ray algorithm using Sperner’s labelling can be applied
for an alternative proof of the well-known lemma of Knaster, Kuratowski
and Mazurkiewicz (1929). The (n + 1)-ray algorithm using Scarf’s labelling
can be used to prove an intersection result of Freidenfelds (1974). The
(271 — 2)-ray algorithm can be employed to prove Shapley’s lemma (1980),
a generalization of the KKM lemma. The n(n 4 1)-ray algorithm to be
presented in this paper, can be utilized to derive a new intersection theo-
rem on S" generalizing both the KKM lemma and the intersection result of
Freidenfelds.

This paper is organized as follows. In Section 2 we give the deﬁmtlons
necessary in order to formulate the algorithm. Section 3 describes the algo-
rithm and elaborates on the steps taken in the algorithm. In Section 4 we

present the algonthm In Section 5 we derive a new intersection theorem on
Sn

2 Preliminaries

Let z: 8™ — IR"“L1 be a continuous excess demand function, i.e. pT 2(p) =

for all p € S™, and 2;(p) > O whenever p; = 0. To find a zero point of
z, let v € int S™ be an arbitrary point in the relative interior of S™. The
point v will be the starting point of the algorithm. Then the algorithm
approximately follows a set of points in S™ such that for each point p of this



set 1t holds that

- piSv; if zi(p) = ming z,(p),
pi=v; if ming 2z < 2j(p) < maxy zx(p), (1)
pj 2v; if  zj(p) = max,, z,(p).

Assuming regularity and nondegeneracy the set of points in S™ satisfying
(1) consists of piecewise smooth loops and paths. Exactly one path connects
the starting point v with a solution to the zero point problem. This path, to
be denoted by P; can be interpreted as follows in economic terms in case at
price vector p the vector z(p) is the excess demand in an exchange economy
with n+1 commodities. Along the first (linear) piece of the path the price of
the commodity with highest excess demand is increased and the price of the
commodity with lowest excess demand is decreased. In general, along the
path the price of a commodity is increased from the initial price value when
its excess demand becomes maximal and it is decreased from the initial
price value when its excess demand bécomes minimal, while the prices of
the commodities not having minimum or maximum excess demand are kept
equal to the initial prices. When along the path the price of a commodity
with maximal (minimal) excess demand becomes equal to the initial price
value of that commodity, the excess demand is allowed to decrease from the
maximal value (to increase from the minimal value) while its price is kept
equal to the initial price. The path of points satisfying (1) and leading from
v to a zero point of z, is followed by the algorithm by generating a piecewise
linear path in a simplicial subdivision of S™. Each linear piece of the latter
path lies in some simplex and is generated by making a linear programming
pivot step in a system of linear equations.

In the sequel we use the following notations. For every positive integer &
let I* be the set df integers {1,...,k}. For A c I"*1, — A is defined to be the
set {—j|j € A}. Furthermore, let T be a subset of I"*1 U — ™1 guch that
TAI"M £, Tn-I""1#£0, TN (-T)=0. Let T+ = {j € I**!|j €T},
T-={ieI™-ieT},and T(c) = {he " g TTUT"}.

To describe the n(n + 1)-ray algorithm we introduce the following sets
in S™.

Definition 2.1 For T as described above the set A(T) is given by

AT)={pes"| m<w if ieT
pi=v; if 1e€T(c),
p>y i 1€ T+}.



Notice that if a point p in S™ lies on the path P, then there exists a set T'
such that p € A(T), z(p) = ma¥j, z(p) if ¢ € T, and z(p) = miny, 2 (p) if
¢t € T~. The simplicial subdivision underlying the algorithm must be such
that it subdivides each subset A(T') into t-dimensional simplices where ¢,
t = |T| — 1 is the dimension of A(T'). To describe such a triangulation we
introduce for every set T a projection p(T') of v on bd S”, the boundary of
S", see Figure 1 for n = 2.

P({*3,~23) P({+2,+3,~13)
P({+,+3~2})
PUFL=2) oo R e P({+2,~13)
p(i+,-2,-3)) . _ P({+2,-1,-3 |
Tew  pliH-R) P({+3,~3}) e(2) Y

P({+ ,)+21—?’S)
Figure 1: The projections p(K) of v on bd S, n = 2.

Definition 2.2 Let K be a subset of I"t1 U — ™!, satisfying K+ # 0,
K= #0, Kt n K~ =0, then the pro_]ectlon p(K) of v on the intersection of
A(K) and bd S™ is given by

pi(K) = v if jeK™,
) = v it jeK(C),
pi(K) = ”J (1- EkeK(c) ”k)(E;eK*’ vl i jekt



With these projections we deﬁnel»speciﬁc subsets of the sets A(T') as follows,
see Figure 2 for n = 2, ' '

ee)

A(+3,~18,(~2)
A(‘f'ﬂ/"ﬁ:(‘))) ’ ‘
SA({+3,-13)
A ( {+ 3=-2 .
Al+3,-3, (+) ‘
Al ‘1‘2}/'(*‘3» -
A( {4' - 2}) <

At +2,—13)

Al 3))/
AH"'QJ"-”})(‘ D)

!
e@ A[{H,;—‘(?Ry | A({+z,~3§) e2)
A 1,733, 62)) Al+2,-31,(+1)

Figure 2: The sets A(T?,I'(T")), n = 2.

Definition 2.3 Let T be as described. above. Let T° be a subset of T,
with exactly one positive and one negative element, let 71 = T\T?, and let
I(T!) = (I'y,...,T¢-1) be a permutation of the ¢t — 1 elements of 7. Then
A(T®,T(TY)) is given by

t
AT, T(TY) = {pe Smlp=v+ Y ali)a(),0 < alt) < ... < all) < 1},
j=1

where (1) = p(T°) — v and q(k) = p(T°U{T4,...,Th_1}) - p(T°U{Ty,...,
Th-2}),h=2,...,t. '

A(T) is the union of all possible sets A(T°,T(T!)) where T°, T and
T'(T!) are defined as above. Each A(T) is triangulated by subdividing every



subset A(T?,I'(T1)) of A(T) in t-simplices as follows. Let m be some positive
integer. - '

Definition 2.4 The subset A(T°, I‘(Tl).) of A(T) is subdivided into ¢-simpli-
ces o(a,n) with vertices y',...,y**1 according to the QV-triangulation with
grid size m~! such that:

1) ' =v+m! Z?i:l a(5)q(7) with a = (a(1),...,a(n + 1)) an integer
vector satisfying a(n +1)=...=a(t+1)=0<a(t) <...<a(1) <
m— 1.

2) ¥ =y +mlg(m) fori=1,...,t with = = (,ry,...,7;) a permuta-

~ tion of the elements of I* such that p > p' if a(np) = a(ny) and 7, = &k
and mp = k — 1 for some k € {2,...,t}.

The union of the simplicial subdivisions of the sets A(T° I'(T1)) where
T%, T! and T'(T?) are defined as above is a simplicial subdivision with grid
size m~1 of A(T), whereas the union of these subdivisions of A(T) over all
T induces a simplicial subdivision with grid size m~! of S™, see Figure 3 for
n=2and m=2.

This simplicial subdivision is called the QV-triangulation because in
some sense, it is a combination of the @Q-triangulation and the V -triangulation,
see Scarf (1973) and Doup and Talman.(1987a). We remark that if all com-
ponents of v are nonnegative multiples of m~!, then the Q-triangulation
with grid size m~! also simplicially subdivides every subset A(T).

Definition 2.5 Let T be as described above. For g € {t,t — 1}, let ¢ be a
g-simplex with vertices y!,. ..,y ! in S", then o is T-complete if the system
of linear equations

S [ | 9] o))

heT(c)
(2)

where e(h) is the h-th unit vector in IR™! and ¢(Q) = Yiegel(s) forQ =T%
or @ = T~, has a solution satisfying A\; > O for all{ € '}, & <0, 8 > 0,
a < py < B for all h € T(c).

Let A = (A1,...,Ap41), # = (un,h € T(c)). It is easy to see that there
are n+ 3 variables if g =t and n + 2 variables if g = t — 1. There are n 4 2
equations to solve. A solution (A, u, a, 8) therefore is (in general) not unique
if g = t. In the latter case a solution (), u,a, ) is called a basic olution if



S PR3l e
P(H'/*‘Q:‘?’S)

Figure 3: The QV -triangulation of S™ and of the sets A(TO,I‘(TI)), n=2,
m=2.

ew Pl —3

at least one of the variables a, 8, ), ¢ € I*1, equals zero or at least one of
the up’s, h € T'(c), equals either  or 8.

Assumption 2.1 (Nondegeneracy assumption) Suppose a(y?,...,y?t1) is
a T-complete g-simplex of the QV -triangulation with grid size m~! in A(T).
If g =t — 1, then system (2) has ezactly one solution (A, i, a, B), satisfying
Aj >0forallje I, a < py < Bforall h € T(c), a < 0,8 > 0.
Furthermore, if ¢ = ¢, then at every solution (A, u,a, 8) either at most one
variable o, B, A; for j € I**! equals zero, or at most one uy, h € T(c),
equals either o or 8.

For a T-complete t-simplex o(a,r) with vertices y!,...,y**! in a given
A(T), the set of solutions of system (2) determines under Assumption 2.1
a line segment of solutions (A, u, @, #). A line segment of solutions induces
a linear piece of points p = f:i Ay in o(a,n). This linear piece has two



different end points corresponding with the two basic solutions of system (2).
Therefore this linear piece of polnts in o(a,n) can be followed by making a
linear programming pivot step in the system of linear equations above with
the variable that is binding at one of the end points. Let the piecewise linear
approzimation Z of z with respect to the QV -triangulation be defined as

t41 .
Z(p) = Y X=(y)
i=1
where p= Y it Ay € o(a,7), SN =1, A > 0 for all § € I'HL,
For p = 3_'*1 \i¢/' in a T-complete t-simplex o(a, ) in A(T) with solu-
tion (A, u, , B) it holds that

Zi(p) =« and p;<v if €T,
a<Zip)<p ad pi=vw if {€T(), - (3}
Zi(p) =P and p;i>v if 1Tt

Starting at v the algorithm generates a piecewise linéar path of points such
that each point p on the path satisfies (3), i.e., the algorithm approximately
follows the piecewise smooth path P by replacing in (1) the function z by its
piecewise linear approximation Z. To do so, it induces a sequence of adjacent
T-complete t-simplices o(a, 7) in A(T') with T-complete common facets, for
varying sets T'. Each simplex of the sequence contains a line segment as
- piece of the path, being generated by making a linear programming pivot
step in system (2), as described in the next section.

3 The algorithm

The algorithm may start in an arbitrary interior point v of the unit simplex
and assuming that this point is not a zero point of z, we can determine which
component of z(v) is maximal and which component is minimal. The algo-
rithm will leave v by increasing p; if 2;(v) = max; zx(v), and by decreasing
p; if 2;(v) = miny, z,(v). We assume that both indices 7 and j are uniquely
determined. So, the starting point v is left along the one-dimensional set
A({+¢,~7}). The algorithm will generate a path of connected line segments
contained in a sequence of adjacent T-complete t-simplices o(a, ) having
T-complete common facets in sets A(T') for varying sets T, by going for each
simplex in the sequence from one basic solution of (2) to the other one. This
is accomplished by performing a linear programming pivot step in (2) with
the variable that is binding at the first basic solution.

10



For the set of solutions (A, u,a,B) of (2) with respect to a T-complete
t-simplex o(a, ) of the QV -triangulation with grid size m™! in a given set
A(T°,T(T")), the line segment of points p = T4} Ajy’ connects exactly
two points corresponding with the two basic solutions. Each point p on this
line segment satisfies (3). If o(a, x) is generated by the algorithm, it moves
in o(a, 7) from one point corresponding with a basic solution, say p!, to the
other one, say p?. Then one of the following two situations may occur:

1) p? is an element of a T-complete facet of o(a, 7) and due to the non-
degeneracy assumption exactly one X;, { € I**1, equals zero,

2) p? is in the interior of ¢(a,7) and due to the nondegeneracy assump-
tion, either exactly one uy, h € T(c), equals either a or B, or either o
or 8 equals zero.

In Situation 1 the algorithm distinguishes two cases. Suppose at ;;2 that
A, = 0, then p? is a point in the T-complete facet 7 opposite vertex y°:

1a) 7 lies in the interior of A(T°,I'(T)),
1b) 7 lies in the boundary of A(T?,T'(T1)).
In Situation 2 the algorithm again distinguishes two cases:
2a) either uj, = a or pj, = B for some h € T'(c),
2b) either a =0 or 8 =0.

In Situation 1la, the algorithm moves from o(a,n) through the facet 7 to
the unique t-simplex o(a,x) in A(T°, I'(T1)) having the facet 7 in common
with o(a,7). The parameters ¢ and x of the new simplex are given in
Table 3.1. By making the adaptations as described above, a new vertex
is generated, say y_", for some s' € I**1, This new vertex of o(a,x) lies
opposite the facet 7 in common with o(a, ) and replaces y® in (2). Next
a linear programming pivot step is performed in (2) with (zT(y"'), 1)T by
increasing Ay from zero. Thus a line segment in o (g, x) is followed and the
algorithm finds a new basic solution.

11



8 I a
s=1 (7q, 73, .., Ky, m1) a+ e(m)
2< 8Kt | (MiyeesMam2, My, Ma1y, Wagdy---,Mg) | @
s=t+1 | (m,n1,72,...,M-1) a — e(m)

Table 8.1 Given o(a,x) with parameters a = (a(1),...,a(n + 1)) and 7 =

(1l'1,..

.,m¢),  and @ are the parameters of the t-simplex o(a,x) sharing the facet 7

opposite the vertex y® with o(a, 7).

In Situation 1b, the algorithm distinguishes three possibilities in view of
Definition 2.4:

1)

2)

1) s=1,m=1a(r)=m-1,

2) 2 < s<t,a(ns_1) = a(m,),m,—1. =k — 1 and 7, = k for a certain
k,2<k<t, '

3) s=t+1,m=t,a(m)=0.

The facet 7 lies in bd S™. Therefore, for some 1 € T~ it holds that
y; = O for every y € 7. This implies y‘?. = 0 and hence z(y?) > 0 for all
J=2,...,t+ 1. Consequently, Z;(p) > O where p = E;i_ll A%, On
the other hand, since 1 € T~, we must have that Z;(p) = a < 0. This
yields a contradiction, so this situation cannot occur.

The facet 7 also lies in a different subset of A(T), say A(T°, L(T')),
and is therefore a facet of a unique t-simplex o(a,x) in this subset.
The necessary adaptations to characterize o(a,x) and A(T°, T?) may
be found in Table 3.2. The vertex y° of o(a,x) opposite 7 replaces the
vertex y° of o(a,n) in (2). Next a linear programming pivot step is
performed with (2T (y®),1)T by increasing A, from zero. Thus a line
segment is followed in o(g,x) until the algorithm finds another basic
solution.

12



Case IO,Il,L(Il),_@,Z[
k> 2 I..O: O,Il= 1’
L(I ) = (Fl) ‘o )Pk—3ark—1; Flc—Z; Fk) cee )Ft—-l)
. a=a,r=n
k=2, fT; > 0then I°= {1, 7}, T = T\2",
T° = {+h, -5} L(T") = (+h,T3,...,Ti-1)

a=a,n=m

if Ty <0then T°={+h,I'1},T!=T\IC,
L(Il) = ("j) F2) e )Pt—l)
g=a,n="

Table 3.2 Adaptations to be made when the facet 7 opposite the vertex y*
of o(a,n) in A(T° I'(T?)) lies in bd -A(T°,I'(T*)) but not in bd A(T)..

3) The facet r lies in bd A(T") but not in bd S™. More precisely, 7 is a (t—
1)-simplex in A(T\{T'¢t-1}). Then the element I';_; is removed from T
and from T, and the algorithm continues in A(T) with T = T\{T';—1}.
The simplex r is the (t—1)-simplex o(a,x) in A(T°,L(T?')) as described
in Table 3.3. A linear programming pivot step is performed in (2) with
(eT(j),O)T, where ] =T1 if I't—1 > 0 and ] = -Tq if i1 < 0,
by decreasing p; from 8 if T';_y > 0, and by increasing u; from o if
I't—1 < 0. Thus, p; is kept equal to v; and a line segment is followed
in the simplex o(g,x) of one dimension lower until the algorithm finds
a new basic solution in this simplex.

IO,.T.1>L(I-1)’(—1’£

T°=1%1" = T"\{Ts-1},
LT =(Iy,...,Te-2)
a=a,x=(m,...,m-1)

Table 3.3 Adaptations to be made when the facet 7 opposite vertex y* of
o(a,n) in A(T®,T'(T!)) lies in bd A(T) but not in bd S™.

If at the basic solution corresponding with p? one of the variables up,
h € T(c) becomes equal to a or B as in Situation 2a, then let 7 = k if
e = o, and let j = —k if pp = B. The simplex o(a,n) is the facet of
exactly one (¢t + 1)-simplex o(g,x) in the subset A(I__O,_I_‘_ (TY) of A(T) where
T = T U{j}, as described in Table 3.4. A linear programming pivot step is
performed with (27 (y*+?),1)T by increasing A¢y2 from zero, where y**2 is

13



the vertex of o(a,x) opposite o(a,n). The algorithm enters a subset of the
unit simplex of one dimension higher, such that pj is decreased from vy if
ux = «a and increased from vi if up = 8. Thus a line segment in a simplex
of one dimension higher is followed until a new basic solution is found.

°, 7, 0(1TY),a,z
Io = To,zl = Tl U {.7}1

.I.'.(_'-Cl) = (PI’"' )Pt—lyj)a
a=a,x=(my,...,m,t+1)

Table 3.4 Adaptations to be made if u; is eé;ual toaor 8;7=hif up =, and
J=—hif pyp = p.

If at a basic solution either a or @ becomes equal to zero as in Situation
2b, then the a.lgonthm terminates with solution, say, (A*, pu* 0, 8*). We
call the point p* = Eff} Aly' in S™ an approximating solution of the zero
point problem of z. Since at p* all elements of Z(p*) are either positive or
negative and Z is an approximation of 2, this gives rise to the conclusion
that p* is close to a solution or at least to a point where all components of
z are small in absolute value. How close depends on the grid size m™1.

If the accuracy of an approxima.ting solution is not sufficient, the algo-
rithm may be restarted in p* with a smaller grid size in order to 1mprove
the accuracy of the solution.

4 The stéps of the algorithm

The steps of the n(n - 1)-ray algorithm to approximate a zero point of a
continuous excess demand function 2 on S™, starting at v € int S™ and using
the QV -triangulation with grid size m~? as underlying simplicial subdivision
of S, are as follows.

Step 0. Let zx(v) = miny zx(v) and 2/(v) = max), zp(v). Set yl = v, T0 =
{{,-k}, T =TT =0, t =1, » = (1),a = (0,...,00T, w = 2,
A = La= z(v), B = z(v), pr = z1(v), h € T{c).

Step 1. Perform a linear programming pivot step with (27 (y*),1)7 by in-
creasing A, from zero in the following system of linear equations:

ACIEPMIIMEIREINY

heT(e)
(4)
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where \; > 0fori € I'', 0 <0,8>0,a < uy < B for h € T(c).
When pj, becomes equal t6"a or g for some h € T'(c), or when a or
becomes equal to zero, go to Step 3..

Else A, becomes equal to zero for some s € I'*1\{w}.

Step 2. If 2 < s <t, a(m,—1) = a(ms),7s—1 = k—1 and x, = k for a certain
k,2 < k <t, then we can find the necessary adjustments in Table 3.2
to obtain o(a,x). Let s' be the index of the new vertex of o(a,x), set
w=¢', o(a,7) = o(a,x), and return to Step 1.

Ifs=t+1, 7 =t and a(m;) = 0, go to Step 4.

Else replace y* according to Table 3.1 to obtain o(a,x). Let s’ be the
index of the new vertex of o{a,x), set w = ¢', o(a,n) = o(a,x), and
return to Step 1.

Step 3. If & = 0 or § = 0, stop with solution (A\*,u*,a*,g*) and p* =.
Ef:i *y* is an approximating zero point of z. :
Else if p), = «, then —h is added to T, if up = 8, then h is added to T'.
The relevant adaptations may be found in Table 3.4 to obtain o(a,x),

sett=t+1, w=1t+1, o(a,7) =0o(a,x), and return to Step 1.

Step 4. Theset T becomes T'\{I';~1}. The other adjustments may be found
in Table 3.3 to find o(a,x). Set y =T;_1,t =t — 1, o(a,n) = o(a, x)
and perform a linear programming pivot step in (4) with (eT(5),0)T
where j = ||, by increasing the variable p; from o« if v < 0, and by
decreasing the variable p; from g if v > 0. If either uj, becomes equal
to o or B for a certain h € T'(c), or if a or § becomes equal to zero,
then return to Step 3. ,

Else )\, becomes zero for some s € I*t1, and return to Step 2.

Every round gives an approximating solution p*, satisfying either Z;(p*) >
0 for all j € I"*! or Z;(p*) < O for all j € I"*!, Whenever this approxima-
tion of a zero point of 2z is not satisfactory, the algorithm may be restarted
with v equal to p* and a larger m. Thus within a finite number of restarts
any a priori chosen accuracy can be reached. We remark that the algorithm
could be continued in Step 3 when a or @ becomes 0. In that case the algo-
rithm should be terminated when in Step 2 it holds that s =1, #; = 1 and
a(m1) = m—1, or when o becomes equal to 3. In the former case it holds at
p* that Z;(p*) > 0 for all 5 € I"*1, and in the latter case that Z;(p*) = c
for all § € I"*! for some a € R. In both cases it follows, from the property
that pTz(p) = 0 for all p € S™, that p* is also an approximating solution.
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5 The intersection theorem

Simplicial variable dimenson algorithms can be used to find an intersec-
tion point of a certain collection of closed subsets covering S™. The most
well-known intersection theorem is probably the KKM lemma, see Knaster,
Kuratowski and Mazurciewicz (1929). Another well-known intersection the-
orem is due to Freidenfelds and this result can be interpreted as a dual to
the KKM lemma. For a survey on intersection theorems on the unit simplex,
we refer to Talman (1991).

The n(n+ 1)-ray algorithm developed in the previous sections also leads
directly to an intersection theorem of closed subsets covering S™. This
theorem can be considered as a hybrid of both lemmas above and these
lemmas immediately follow as a corollary. In the next theorem S™ is covered
by n(n + 1) closed subsets. Some of these subsets might be empty. Each
subset of the collection is indexed by a pair (+i,—5) with 7,5 € I"*1. )

Theorem 5.1 Let C(+1,—3), 1 and j € I™*1, be closed sets coverzng sn
such that for every x € bd S™ it holds that z € C’(+z, -J) for some § € I"*+1
satisfying z; > 0 or z € C(+4,—7) for every i € ™1 satisfying z; = O.
Then there exist an =* € S™ and a nonempty set T* C I**! satisfying that
for every 1 €T there existsaj €T and a k € T* such that =* € C(—i—z, -7)
and z* € C(+k, —1).

Proof. Without loss of generality we assume that C(+1,—{) = 0, { € I"*1,
For z € 8", let 2z : S — R™1! be definéd by z(z) = e(f) — e(5) for some
tand j € I"+1 satisfying ¢ € C(+1,-J) where z; > 0 and if no such 7
exists then 1 is such that z; = 0. Clearly, Y7 #(z) = 0 for all z € sn.
Given some fixed starting point v € int S™ let the n(n + 1) algorithm be
applied to z for a sequence of decreasmg grld sizes mj] - m2 ,.... Suppose
the algorithm finds a vertex z* in bd S" satisfying z; = 0 for every j for
which z lies in C(+1,—j5) for some i € I"*1. Then for every i € I"**!
satisfying «} = 0 it holds that z* € C(+i,~j) for some j € I"*! with
g, = 0. Clearly, z* satisfies the statement in the theorem with T™* equal
to the set {5; € I"t!|z* € C(+,—3) and a} = 0}. Otherwise, in round k,
k=1,2,..., the algorithm terminates with a, say, t(k)-dimensional simplex

oF with vertices yBl .. yFt(E)+1 guch that the system of linear equations

t(k)+1

> Mile(ik) —e(@) =0 (5)
h=1 :
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has a nonnegatwe solution )%, .. t(k) +1 Summing up to one and where ik

and jf € I"*! are such that the vertex y* of o* lies in C(+i% 8 ]h), for
h=1,...,t(k)+1. Notice that due to the fact that 3", 2(y*"*) = 0 for every
h, the algorithm can only terminate at Step 3 with both « and § equal to
zero. The algorithm can not stop at the boundary of S™ because z/(z) > 0
whenever z; =0.
Let z* = t(k)“ AF y*"* be the approximating solution found in round
k,k=1,2,. When k goes to infinity there exists a subsequence k(1), k(2),
., such that zk(m) converges to some z* in S™,t(k(m)) =t for all m, A h(m)
converges to some Ay > 0, for all h = 1,...,t + 1, with Et“ Ay =1, and
'k(m) = 1j and jk(m) = 43, for some 1, and gpeI"tl h=1,... t+1. Since
the grid size mk1 converges to zero when k goes to mﬁnlty, we also have
that g™} converges to z* for every h = 1,...,t + 1. Since for every h
we have that y"("‘) he C(—l—zk(m) k(m) ) and every.C(—{-i, —J) is closed, we’
obtain that * € C(+1y,—7Jp) for h =1,...,t + 1. Furthermore it follows
from (5), when k = k(m) and m goes to infinity

t+1

D Ah(e(in) — e(s)) = 0. (6)
h=1

Now, let T! = {in|A; > 0, h = 1,...,t + 1} and let T2 = {ju|A}; > O,
h=1,...,t +1}. We will show that 7! = T%. Take some { € T! and
suppose £ &€ T2. Then the i-th equation of (6) yields

t+1
0= Ae(in) 2 At >0
h=1

where k is such that 1 = 1, yielding a contradiction.
Similarly, take some j € T? and suppose j & T'1. Then the j-th equation
of (6) yields
t+1
= Mei() < -2 <0
h=1
where k is such that ji = j, yielding also a contradiction.
Hence, T* = T! = T? satisfies the statement of the theorem. Notice that
T # V) since Y4t Ar = 1. O

The intersection theorem is illustrated for n = 2 in the Figures 4 and
5. In Figure 4, the set T* equals {1,2,3} and z* lies in the intersection of
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C(+1,-3),C(+2,-1) and C(+3,—2). In Figure 5, the set T* equals {1, 3}
and C(+1,—3) N C(+3,~1) consists of the point e(2). From Theorem 5.1
both the KKM lemma and the intersection theorem of Freidenfelds on S™
follow as a corollary.

ew) | - e

Figure 4: Illustration of the intersection theorem, n = 2, T* = {1, 2, 3}.

Corollary 5.1 (KKM lemma) :
Let Cy,...,Cpy1 be n+ 1 closed subsets covering S™ such that for every

z € S therc exists ¢ j € I"*! satisfying z; > O and = € Cj. Then
nn+lc # 0.

Proof. For j=1,...,n+1, define C(+(j+1),-7) =C;, where j +1=1
when 7 = n+ 1. Moreover, C(+i,—j) = @) whenever 1 # j + 1. Then these
sets satisfy the conditions of Theorem 5.1. Hence, there exist an z* € S"
and a nonempty set T* c I"**! such that J € T implies 5+ 1 € T and
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z* € C(+(j +1),—j). Hence T* = I"*! and so z* € C; for every j € I"H1.
# . . !

e(?) |

C(+2,-3) .

Clr1,-3)
e DG e(2)

Figure 5: Tllustration of the intersection theorem, n = 2, T* = {1, 3}.

Similarly, the next intersection theorem follows.

Corollary 5.2 (Freidenfelds’ intersection theorem on S™)
Let Cq,...,Cny1 be n+ 1 closed subsets covering S™ such that =z € Cj
whenever £; = 0. Then ﬂ;‘:ll C; # 0.

Proof. For j =1,...,n+1, define C(+j,—(7+ 1)) = Cj, where j+1 =1
when § =n+ 1. For i # j+ 1, let C(4+7, —1) be empty. We will first show
that these sets satisfy the conditions of Theorem 5.1. Let £ € bd S™. Then
there exists a j € I"*! such that z; = 0 and z;4; > 0. Since z; = 0 we have
that z € C;. Hence, z € C(+j, —(5 + 1)) whereas z;;1 > 0. According to
Theorem 5.1 there exist an z* € S™ and a nonempty T* such that 7 € T*
implies j + 1 € T* and z* € C(+5,~(j + 1)). Hence T* = I"*! and so
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z* € C; for every 5 € I™+1. |

Now, let z: S — R"*! be a continuous excess demand function. For
{ and j € I"*1, let us define C(+1,—5) = {z € $"|z(z) = max,, zx(z) and
zj(z) = miny 24(z)}. Since z is continuous, pTz(p) = 0, and z,(z) > 0
whenever z;, = 0, these sets satisfy the conditions of Theorem 5.1. Hence
there exist an z* and a nonempty T* C I"*1, such that { € T* implies there
exist a j satisfying z* € C(44, —75) and a k satisfying =* € C(+k, —1). Con-
sequently, z;(z*) = max zx(z*) and z(z*) = miny 2,(z*), hence z(z*) = 0.
Any intersection point obtained in this manner is therefore a zero point of
z.
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