Endogenous growth with public factors and

heterogeneous human capital producers

Thomas Ziesemer

MERIT
UNIVERSITY OF LIMBURG
P.O. BOX 616
6200 DM MAASTRICHT
THE NETHERLANDS

93-022

MERIT, P.O. Box 616, 6200 MD Maastricht (Netherlands) - telephone (31)43-883875- fax: (31)43-216518



ENDOGENOUS GROWTH WITH PUBLIC FACTORS AND HETEROGENEOUS
HUMAN CAPITAL PRODUCERS

Thomas Ziesemer, University of Limburg, Faculty of Economics and Business
Administration and Maastricht Economic Research Institute on Innovation and
Technology (MERIT), P.O.Box 616, 6200 MD Maastricht, The Netherlands. Teleph:
31-43-883872, Telefax:31—43—216518, E—mail: T.Ziesemer@Algec. RuLimburg.NL

In a growth model with no, one or multiple steady state(s) the following results are
obtained for the stable steady states: If government revenues from a flat—rate income tax
are spent on public factors and public factors are used for human capital production and
human capital is used for the production of technical progress, then a higher rate of
taxation will lead to a higher rate of technmical progress. If human capital producing
households have different abilities they will have different desired (Lindahl) tax rates and a
golden rule is no longer an acceptable welfare function. Therefore tax policy determines the
rate of technical progress without a generally accepted welfare function. When the rate of
time preference is larger than the rate of technical progress people with greater abilities
want higher levels of public factors and taxes if indirect marginal utility is inelastic with
respect to net income. The outcome of this political decision will determine the rate of
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Endogenous Growth with Public Factors and Heterogeneous Human Capital Producers

1. Introduction

Evaluating empirical evidence the World Bank (1990, 1991), Larre and Torres (1991),
Stern (1991), Reynolds (1983), Hughes (1982) and Adelman (1980) have put much
emphasis on education, health and infrastructure as a justification for a strong role of
government in growth and development policy because of their public goods properties. An
early non—formal theoretical justification for government interference was given by T.W.
Schultz (1964). He argued that technical progress depends on human capital and the
production of human capital requires public factors such as basic education and basic
scientific research; because the provision of public factors is opposed in the political sphere
the levels of human capital and technical progress are very low. In the development
literature this opposition to the provision of public factors is often discussed under the
topic of "tax resistance" (see, e.g., Mutén, 1985).

This paper provides a formal model to interpret the theory of T.W. Schultz. In the
contributions to the literature, at least one of the essential elements, technical progress,
heterogeneous (human capital) production functions, public factors and taxation, is é.bsent.

The relation between technical progress and human capital has been modelled in
different ways by Lucas (1988), Romer (1990) and Ziesemer (1991). In these contributions
public factors are absent. Eﬁdogenous technical progress and taxes are related in Mi'no
(1989), Lucas (1990) and Rebelo (1991) but in these papers government spending does not
enter (marginal) utility or production functions. Public factors in growth models can be
found in Shell (1967), Romer (1986), Barro (1990) and Ziesemer (1990). In the latter two
models with publicly provided public factors there is no production of technical progress. In
Romer (1986) with privately provided public factors there is no technical progress without
externalities. In Shell (1967) and Barro (1990) users of public factors have identical



production functions and therefore public factors do not produce the problems of defining
welfare functions and designing tax systems. However, the literature marrying endogenous
growth theory with the theory of endogenous policy has dealt _wiﬁh such problems (see
Persson and Tabellini, 1992, Perotti, 1992, and the text below for brief surveys). To locate
the contribution of this paper within the body of literature on endogenous growth with
public economics fea.turés we briefly discuss this literature and summarize the discussion in

Scheme 1.
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The contributions in this field can best be distinguished with respect to two
properties. Firstly, individuals in the various models are either identical or heterogeneous;
if they are heterogeneous they either differ with respect to initial endowments or with
respect to parametrically given abilities or both. This differentiation goes across rows in
Scheme 1. Secondly, models contain either public investment or they don't. This
differentiation goes across columns in Scheme 1. The reasons for putting the papers into
their respective categories are as follow. -

In Romer (1986) and (1990), Lucas (1988) and Ziesemer (1991), individuals are
identical and there are no public investments. Lump—sum taxes are raised to correct for
private externalities; in Lucas (1988) this is only implicit. In Mino (1989), Lucas (1990),
Rebelo (1991) and Trostel (1993) individuals are identical and there is no public
investn‘lent. Distortionary taxes are raised to finance some government consumption (or
transfers in Trostel's paper) that enters neither the utility nor the production functions.
Lucas (1990) and Trostel (1993) analyze tax reform proposals. In Justman (1992)
indivisible infrastructure is supplied by a regulated monopolistic private firm.

| In Shell (1967) users of a public, non-rivalrous stock of technology are identical. A
flat—rate income tax is raised to finance the change in the public stock of knowledge. The
expenditure effect of the tax increases growth but the distortion through capital income
taxation decreases it (see also Grossman and Helpman, 1991, Chap. 2.4). In Barro's (1990)
models identical firms use non—cumulated government factors which are also financed by a
flat—rate income tax with the same properties as in Shell's paper. Sorensen (1993) extends
Lucas' (1988) model to include public investments which are financed by capital and labour
income taxation as well as tuition fees.

In Creedy and Francois (1990) households differ in initial incomes which also
determine an individual's productivity in forming human capital. Education is paid for
partly privately and in part by the government who finances the subsidies Jthrough a

flat—rate income tax. The larger the portion payed by the government, the greater the



number of people who get an education and the higher the growth which benefits all in the
second period. Even the median voter who receives no education and therefore no subsidy,
may vote for redistributive taxes because he benefits from the growth effect generated by
other peoples investment in human capital. The tax revenues are also used for other
government expenditures which enter neither the utility nor the production functions. No
public factors are considered and the model is constructed only for two periods. Perotti
(1990) considers individuals who differ in their initial pre—tax incomes. There are no public
investments. In order to pay for indivisible investment in education without access to a
capital market, subsidies which are equal across individuals paid out of income tax
revenues may be needed to give poor families access to finance and education. A median
voter chooses an optimal tax rate which depends both on his income and on the average
income'of the population because the latter determines the value of the subsidies received
in the same period. Depending on the income of the median voter and the average value of
income in the economy this redistribution may be conducive or damaging to growth.
Alesina and Rodrik (1992) modify the model of Barro (1990) to allow for households
differing in their initial holdings of capital and taxation of capital, a higher rate of which
generates lower growth. The more capital poor is an individual, the higher his preferred tax
on capital. A poorer median voter therefore generates lower growth and in a democracy
income inequality is unfavourable for growth rates. In Glomm and Ravikumar (1992)
individuals differ in their initial values of human capital. In the public education regime of
their model, revenues from a flat—rate tax on human capital income are spent on the
quality of public education which is an argument in the utility function. As the latter are of
the additively separable type, all individuals prefer the same tax rate. In Saint—Paul and
Verdier (1993) households differ in their initial endowments of human capital. They pay a
flat—rate income tax, the revenues of which are spent on public education which is not a
public good but an ega.iita.rian supply of education. This supply is a non—cumulative factor

that benefits all individuals identically because it enters the production function for human



capital in an additively separable way. Therefore poorer people will prefer higher tax rates.
When human capital levels converge, preferred tax rates converge as well. The impact of
political rights, democracy and inequality on growth are ana.lyzed.

In Persson and Tabellini (1991) individuals differ in their parametrically given
abilities. A flat—rate income tax is raised, the revenue of which is rebated at equal amounts
to all households. A higher rate of taxation yields lower growth because of the distortion of
capital accumulation. The higher the abilities of the median voter the lower the tax he
prefers and the higher the growth rate will be.

Different endowments and abilities have been treated in Ziesemer (1990). Having
more capital provides a disincentive to higher taxation but higher abilities make public
factors more desirable. A median voter wants higher taxes than the average individual. The
growthl effects of a higher tax rate are transitional. In the long run only the level of the
growth path can be changed because, as in Arrow's (1962a) learning by doing model, the
rate of growth is proportional to that of population growth. This is in accordance with
Koester and Kormendi (1989) who find in a cross—country study, that tax rates have only
level effects but no growth rate effects. However, that study is 6nly loosely related to
growth theory and in view of the arguments presented in the theory and empirics of the
political—equilibrium literature (see Persson and Tabellini 1992, and Alesina and Rodrik,
1992) and their time——séries character, the question is whether or not this is the final word
on the subject. The literature discussed here tries to improve the basis for such
investigations through endogenization of the growth rate.

From the state of the art discussed so far it is quite straightforward to look at the
growth rate effects of changes in tax rates when individuals have different levels of
appreciation of public factors due to different abilities. Scheme 1 indicates that this has not
been done. It therefore will be the subject of this paper. It provides a model which
combines all the necessary elements contained in Schultz' theory. Households haye different

production functions to produce human capital using public factors and therefore have



conflicting views on individually optimal taxation. Human capital is used in the production
of output and technical progress. Therefore this is the first model of growth with
endogenous technical progress that takes the standard justification for government activity —
public goods or factors in individually different utility or production functions — explicitly
into account. This changes the source of the distributional conflict in the literature. In the
literature discussed above the source of distributional conflict is the taxation of people with
different endowments, with the exception of Glomm and Ravikumar where the desired tax
rates are identical and the distributional conflict lies in the choice of the public or private
education system. Moreover, in Creedy and Francois only people getting an education
receive the subsidy. In this paper they have different tax burdens and they benefit
unequally from public investment in public factors. Tractability of the model depends on
the neéiect of capital income. However, the contributions of Shell, Barro, Alesina and
Rodrik, Saint—Paul and Verdier, Lucas (1990) and Trostel, all cited above, make it rather
unlikely anyway that something new on capital could be learned. Whenever the results
would have to be modified in view of this knowledge, we indicate this only verbally and the
integration of capital is left to future research.

The results are that
i) at sufficiently low rates of taxation there are two steady states oﬁe of them saddle point
stable and the other unstable; for higher rates of taxation the existence of a unique, no or
more than two steady state(s) is also possible; |
ii) under a higher flat—rate income tax, which is excess burden free in this simple model,
the rate of technical progress at the saddle point stable steady state will be higher;
iii) a median voter will‘prefer a lower rate of taxation than that of a golden rule if he has
lower income and indirect marginal utility from net income is inelastic, implying lower
technical progress as well;
iv) under each allocation there are individuals who have higher or lowerl preferred

(Lindahl—) tax rates than the actual one, implying that there is no optimal tax rate unless



perfect government information would allow perfect compensation which is equivalent to
setting Lindahl prices and is generally held to be infeasible because the informational
requirements would be equivalent to those of central planning. As a cdnsequence the rate of
technical progress and other growth rates are explained as the outcome of a political
distributional conflict and not as a result of different parameters or different government
choices of taxes and subsidies that merely convert x—best into first best growth paths (see
Barro and Sala i Martin, 1992, for a discussion of this type of policy) and not as a result of
unfavourable constellations of time preference and marginal productivity of knowledge due
to low initial values of knowledge which produce a lock—in (see Becker, Murphy and
Tamura, 1990). The redistributional effects may be different once capital income is
introduced (see section 5) or if ihdirect marginal utility is strongly decreasing in net income
(see section 6).

The structure of the paper is as follows. In the next section the basic model is set up.
In section 3 decisions of individuals are presented. Market equilibrium and a definition of
the steady state are given in section 4. The existence, multiplicity and stability of steady
states and the impact of taxation on the steady state allocation are the subject of section 5.
Section 6 shows that people with higher abilities and low (high) elasticity of indirect
marginal utility with respect to net income have higher (lower) shadow prices for public
factors and technology if they act as selfish persons in the position of the government (in a
dual approach to a government decision where they maximize their indirect utility
function) and the discount rate is higher than the rate of technical progress; these highér
(lower) shadow prices lead to a desired decision of higher (lower) tax rates. However, the
tax rate chosen is a matter of how the distributional conflict implied by the infeasibility of
Lindahl prices is solved. One of these possible outcomes is that of a median voter

democracy.



2. A model with three forms of knowledge

The crucial factor in Schultz' theory is human capital H, which is defined as the knowledge
people have personally as a result of schooling. It is assumed here that human capital and
labour Ly are the factors which produce output Y under conditions of labour saving
technological progress with level A(7) at time 7, the firm specific knowledge. The

production function used here is of the Cobb—Douglas type:

Y = F(H, AL) = BfAL)* (1)

Increases in firm speciﬁc knowledge, A, are assumed to be produced using human capital
and the accumulated knowledge A itself. However, knowledge has to be transferred from
those who produced it (human capital) in the research division to those who use it (labour
Ly) in the prodﬁction division. The more workers there are in the production division the
more human capital will be needed to transfer the knowledge and the lower the
productivity of human capital in the production of knowledge. Therefore the number of
workers exerts a negative influence on the production of firm—specific knowledge. The
production and transfer function for firrﬁ-speciﬁc knowledge is assumed to be (a dof on a

variable indicates a derivative with respect to time)

A=G(H/L, A) =gh)A with h=H/AL,lmg=g<ow (2)

It is assumed that the factors used in innovation are the same as those in production, an
assumption indicating that close cooperation between production and innovation is
advantageous for success in providing the production division with adequate technical

progress. Freeman (1988, p. 335) and Mowery and Rosenberg (1989, chap” 6) report



research results on the higher efficiency of closely cooperating production and research
divisions which in Japa.nese firms sometimes goes so far that the divisions are almost
indistinguishable. Human capital is a crucial factor in innovation because a good education
is a precondition for good ideas in research, whereas capital (ignored here) and labour can
contribute only indirectly (see also Nelson, 1959 on this point; for a different interpretation
see footnote 1.). G is assumed to be linearly homogeneous in the two arguments. Making
use of H/Lj as an argument is mainly done to ensure zero profits and a constant rate of
technical progress independent of exogenous employment growth as in Uzawa (1965), Lucas
(1988), Neumann (1989) and Ziesemer (1991); the latter result cannot be obtained in
models that use specifications like Arrow (1962a), Phelps (1966) or Shell (1967). This
specification can be justified as follows: The relation between F and G could best be
interpreted as follows: One could think of H used in technology production, G, and exerting
a positive externality on output production F when transferring the knowledge to the
production division, which in turn hinders technology production further the more workers
L have to take over the new knowledge thus exerting a negative externality on G as
explained above.

The ultimate reason for dividing H by Lj is nevertheless technical and makes use of
some degree of freedom which always remains in the specification of technology production

functions. There is nothing in the literature which excludes any of the diverse specifications

used in different models. The upper limit on g, g, ensures that A cannot go to infinity and
therefore A cannot jump as it would, e.g., under a Cobb—Douglas specification. |
Human capital is produced by a constant number of families (i = 1,..., N) using
labour services Lﬁ, basic scientific research results B, which are public factors, e.g., the
information contained in libraries, different parametrically given labour augmenting
abilities ei and the knowledge A of the firm where he works. Human capital is completely

depreciated each period because — unlike basic scientific research results and firm specific
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knowledge, which can be inherited in written form — it cannot be handed over to the next
generation if an individual dies, because Ii[i is contained in his brain. Moreover, human
capital must always be updated by the latest research results to be able to have an idea for
inventions. Complete depreciation is the simplest way to capture both argumeni;s.2 It has
the advantage of limiting the number of differential equations to a minimum. Taking it
literally it implies that each individual lives one period, i.e. infinitely short lived
individuals instead of infinitely long lived individuals often used in this type of model. The

production function for a family or clan which contains these assumptions is
H = H (¢'AL}, B) = (JAL)*B™®  i=1,.N (3)

B is I;ﬁblic knowledge and A is knowledge costlessly taken over from the firm simply
because family members work there and there is no market for services of A by assumption.
Therefore A is an externality here. As long as the firm is a price taker it cannot internalize
this externality. "A" in (3) poses therefore a similar public goods problem as B. The
difference in the treatment is that the change in the stock of B is provided publicly whereas
changes in A are provided privately and, as in Romer (1986) it is assumed that no public
action is taken to influence its supply. This role of A also mirrors the fact that there is not
always a clear dividing line between private and public knowledge in the real world. Using
the Cobb—Douglas function implies an assumption that without public knowledge no
production of human capital is possible.

The stock of public knowledge B is enhanced at some costs that are covered by taxes

on households income Yi which sum up to Y:3

B=tY | | (4)
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Basic education in practice has an excludability property. However, this is due to the
transaction costs involved in its transfer to pupils. The knowledge itself is non—rivalrous
and we concentrate on its public factors character here. Equilibrium in the human capital

market requires that firm demand H equals households supply, i.e. the sum over all Hi:
H=X Hi (5)

Labour supply, which may differ in levels across families, is assumed to have identical

growth rates ¢
Li('r) = Li(O)eeT

A families labour endowment can either be supplied to the firm, Lll, or used for education,

LZI:
Ll - Lll + Lzl
The sum over families' labour supply is total labour supply

N .
L(r) = L LY(0)e’

1=

which in equilibrium equals labour demand of the firm, Ly = X Lli, plus households own

demand, the sum over Lﬁ

N .
L=Li+ % L} - (6)
1=1
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Due to the simplifying assumption of complete depreciation of Hi, it is used in (2) at the
same moment when it is produced by L% persons according to (3).

(1) — (6) contain some basic assumptions of the model (those on behaviour follow in
the next section) with three types of knowledge supplied by firms, households and the
government respectively as represented by equations (2) — (4). In Uzawa (1965) "A" was
interpreted to contain all three types of knowledge. Many papers still only deal with one of
these forms of knowledge, although in all developed societies it is obvious that all of these
are present to quite a large extent. The distinction however is crucial, because household
knowledge vanishes with the death of persons, whereas firm and public knowledge can
survive in written form but have different properties concerning appropriability (see also
Arrow, 1962b and Dosi, Pavitt and Soete, 1990, p.82/83, on this point). Schultz
emphaisized the role of the household as a human capital producing firm and the role of
public factors in producing it and the role firm technology in using it. Thus this distinction
is contained in his work although in an unformalized way. What hés been added here is the
tax resistance argument replacing the role of landowners in Schultz' (1964) argumentation,
because the role of agriculture may diminish in the long run whereas the problems of
distributional conflict from families' different benefits from public goods or factors and
redistributional taxation remain. The public provision of the public factors is only public
with respect to their financing but not necessarily so with respect to ownership of

knowledge producing organizations.
3. The dynamic entrepreneur and the household as a human capital producing firm
The representative firm is assumed to maximize profits over an infinite horizon, discounted

at some rate p subject to (1) and (2) while acting as a price—taker. The latter assumption is

made here because it seems to be still the simplest of all market structures used in models
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which include production of technical progress. All households are assumed to have the

same discount rate p. These assumptions lead to the current value Hamiltonian

I = F(H, ALy) -~ qH — wL1 + ¢ G(H/Ly, A)

where w is the wage rate and q the price for the use of a unit of H and ¢ a costate variable.

The necessary conditions for a maximum are (2) and

OI/0H = Fy— q + ¢Gi/Ly =0 (7)
—BI/0A = ~Fali— ¢Ga= ¢ — pd (8)
OI/0L; = FaA —w + $GH(-1)L12 = 0 9)

n T8 oo

A lower index 1 or 2 in connection with functions F, G and H indicates the derivative with
respect to the first or second argument. (7) means that the marginal product of human
capital in output production, F;, plus that in production of technical progress, ¢Gy/Lj,
must equal the rental q of human capital. (8) says that the marginal product of a stock
unit of A on output, Falj, plus that on technology production, ¢Gg, must equal the
negative of the current value of the rate of change of the discounted shadow price, ge PT.
(9) tells that the marginal product of labour in output production, F3A, plus its (negative)
marginal product in technology production, ¢G1H(—1)L1"2, must equal the wage rate.
Finally, (10) means that the discounted shadow price of technology must go to zero as time

goes to infinity. As (8) implies ;5— p < 0, (10) holds.
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Multiplying (7) by H and (9) by Ly and replacing w and q in the Hamiltonian, yields
zero current profits. The value of the firm is the value of technical change. Here price
taking behaviour inspite of increasing returns in H, A and L; is possible because the
function F is linearly homogeneous in the control variables which leads to a horizontal cost
function at each point in time which is driven down over time through the change in
technology ALD

Assuming the absence of a capital market and complete depreciation of human
capital both for the mere sake of simplicity, households have no intertemporal consumption
allocation problem and therefore can be viewed as pure human capital producers without
making any assumption about how long they livé. The households' problem then is a purely
static one. They are assumed to maximize consumption (equal to after tax income), (1 — t)
Y = (1- t)[qu - w(Li - Lig)], equating the marginal value product of human capital to

wages:
ii
w=qHje'A (11)

Applying Euler's theorem to (3), insertion of w/q according to (11) and division by B

yields
H'/B = [(w/A)/qJALY/B + H}
INSERT FIGURE 1 OVER HERE

This is drawn as a tangent to the production functions in Figure 1 with slope w/q and
vertical intercept Hj , which indicates the families willingness to pay for public factors
which by assumption is unknown to the government and therefore makes Lindahl prices

impossible. Families choose the same H'/Lj ratios due to the labour augmenting differences
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¢! in families abilities, which implies that families with higher abilities choose higher L} and
Hi and have higher willingness to pay for public factors H;. Putting it the other way round,
a higher level of public goods is more in the interest of people with higher abilities.

As the Hi1eiA in (11) are identical for all households, because they are all faced with
identical market prices w/q, the marginal products of A, HileiLg, will be higher for families
with higher abilities who choose higher Lig. Again Lindahl-prices would be necessary to
reach an optimum. Therefore A can be viewed as a privately supplied public good, whereas

B is a publicly provided one (in the sense of financing through taxation).

4. Market equilibrium and definition of the steady state

In this section market equilibrium conditions are analysed by eliminating market prices
and steady states are defined.
As all individuals choose the same ratio Hl/ L} due to the labour saving property of e"

“in (3) this must equal the aggregate ratio H/Ly:
H/Ly = H/L} (12)

Insertion of (3) on the right—hand side, division of both sides by A, multiplication by Ly/Ly
and (using h = H/AL;, l; = Ly/L, b = B/AL) division by 1/(1 — 1) yields '

_ 1 -1 i b/l
L=h-Bld e By (12)
i L3/Ly

As h is a macro—variable the value of the H(.) function must be identical for all

individuals. L%/Lg must be constant for the following reason. I:ﬁ must be identical for all -
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individuals because with constant elasticity of production a for the first argument of (3)

one may write (3) in growth rates using (12):
(B —Ly=)H-Ly= (A + L} + (1- o)B - L}

As only the f;;lz in the second equation are variables concerning the individual, the I:; are
N . oo .

equal for all i. Together with EL};,/Lg = 1 it follows that L} = Lg. Therefore Ly/Lyin (12
1=1

18 constant, although dependent on e’

Equating w/q from (11) with its value from (7) and (9) yields:

R 4G HL
Hie'A = (13)
Fi + ¢G4/L;

The marginal product of labour in human capital production must equal the ratio of the
marginal products of labour and human capital in output and technology production. As a
is the constant elasticity of the first argument of (3), the left side of (13) may be written as
aHi/Liz. As all households choose the same ratio Hi/L;i; one may again replace it by H/Lq.
Therefore the left side of (13), after division by A, may be written as oH/(ALj) =
ahly/(1-1y). Defining ¥ = ¢/L and replacing ¢ by L, the result of all these transformations

18

. _F2 — PGih/ly

= —ahliy/(1-1) =0 13")
S L, /(1 -1y (131)

(12') and (13') are two equations in h and l; yielding a solution h = h(b, ¥) and 1; = I4(b,
) which can be used in differential equations for b and ¢, which we consider next.

Dividing (4) by B and subtracting the natural rate of growth g(h) + € and
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multiplying by b yields

b = tl;F(h, 1) — [g(h) + ]b (=0=1J;) (4"

Finally, using ¢ = ¢L in (8) the system is completed by

¥=[p— ¢~ Gafb)]$— Faly (= 0= 5 | (8)

b =0 and ¢ = 0 define the steady state. One can consider J; and J5 as a system in the two
variables b and % with h and 1j depending on b and ¥ according to equations Ij and Iy. In
the steady state Iy, I, J; and Jg are four equations for the four variables h, l;, b and ¥, all
of them depending on t, ¢ and p. This will be used in the following analysis of the impact of

a change in the rate of taxation on the four variables.

5. Existence, multiplicity and stability of steady states and the economic effects of reducing

tax resistance

The reduction of tax resistance is defined here as dt > 0. In the following we proceed in
three steps. Firstly, we show for given lj (for merely didactical purposes) that a higher rate
of taxation leads to higher values of public knowledge per labour efficiency unit, b, and
higher human capital per efficient labour unit used in the firm and therefore to higher
technical progress. Secondly, we show that there exists either no steady state or at least
two steady states, one of which supports the first result but the other does not. Thirdly, we
show in the analysis of the dynamics that the steady state at which the first result holds is
stable in the saddle point.sense whereas the other is unstable.

In the first (merely didactical) step J; is solved for b which yields
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g(h) + ¢

The interpretation is that c.p. a higher tax rate t leads to higher steady state levels of
public factors per efficiency unit of labour. A higher share of employment in output
production, 1, also leads to higher b. Higher émployment growth leads c.p. to lower steady
state levels of public factors per efficiency unit, which is quite analogous to the Solow
growth model. The c.p. impact of higﬁer h on b is analyzed as follows. (4"") is drawn as J;

in Figure 2. It's slope is

INSERT FIGURE 2 OVER HERE

| -1
b/ o = (gt+ef't —%'tF =&t + h gtF(IQ?'h[F — g'h/e)) 5 oif F'h/F > g'h/g
(8+ 9 (g + ¢

This condition is sufficient to ensure a positive slope. The interpretation is that h always
has a stronger influence on output than on technical progress and therefore leads to higher
steady state values of the public factor stock per labour efficiency unit. Taking the second

derivative of (4'") with respect to h it can be shown that
Pb/(08)° <0 it (F'b/F)/(g'h/g) > 1&"b/g'|/|F"B/F']

Therefore b(h) is concave if (sufficient) [for 8 = F'h/F, y(h) = g'h/g, § — 1 = F'h/F' and
y(h) — 1 = g"h/g', all from the Euler theorem applied to f,g and F',g' respectively]

(1=-8B>A1-1)

is fulfilled. This means that elasticities of production in output must be more balanced
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than those for technology production. For each given h, a higher t (higher €¢) requires
higher (lower) levels of b which is indicated by Ji' drawn as a dashed line in Figure 2.
Higher 1; shifts the curve to the right. |

The second curve drawn in Figure 2 is Ij [equation (12')], the modified production
function for human capital production. Here h is a concave function of b for each given l;.
A higher 1; decreases both arguments in the H function of Ij and therefore shifts the curve
down, which is drawn as the dashed Ij' curve in Figure 2. A higher 1; therefore leads to a
lower (higher) h and b if the l;—shift in I3(J1) is stronger and therefore to lower (higher)
rates of technical progress. Here the increase of 1; with respect to the Ij—curve represents
the impact of the labour allocation on higher human capital production which leads to a
decrease in the rate of technical progress. The effect of higher I on the Ji—curve mirrors
the in'lpact of the allocation of labour on output which increases b and therefore h. Which
of these two effects is stronger is an open question. Formally, I; and J; determine h and b

depending on Iy, t and €:
h=h(t, I, ¢) and b= b(t, lj, €) with oh/d%, db/dt > 0 and 0h/8e, Gb/e < 0

Existence of an intersection of Iy and Jjy for each 1;¢(0,1) is guaranteed by the assumption
that F and H are both Cobb—Douglas functions. This guarantees that the curvature is
sufficiently strong to let the functions intersect.

Figure 2 gives a preliminary formulation of Schultz' theory: Given 1y, a higher value
of taxation t leads to a higher value of public factors b and hurﬁan capital h, both in labour
efficiency units, and therefore to a higher rate of technical progress. So what remains to be-
derived are conditions that movements in 1; do not change this result.

The following analysis is less intuitive but more exact because 1) is no longer kept
constant. The condition -of more balanced elasticities of production in out;;ut than in

technology production will not be needed here. In the next step we take also I3 and Jg into
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account to show through elimination of ¢ and b that steady state values for h and 1; are
not unique.

Solving Jg for 9 and inserting it into I yields

- Faly
et T F= -Gy 9/l

= — ohly/(1—1) =0 (13")
F ofly 1
F1 + P - 62“1(}2(11) Gl/ll

The interpretation was already given in connection with equation (13). In the first term the
11 terms can be cancelled. Multiplying successively by the denominator of the large fraction,

1/F3 and (1 —1;) we obtain after some simple rearrangements

| Gi(h)h _ "
l—ll_p — G—Gz(h) (1—11+ all)_(Flh/FZ) a_ll (13 )

Using the Cobb—Douglas function assumption g/(1 — §) = Fih/F, it can be shown that
this equation is a falling line in the h—l;—plane that intersects both axes as drawn in Figure

3 (see appendix B.1 for a derivation). The l; axis is intersected at value

Lh=(1-8/(1-F+af) < 1.
INSERT FIGURE 3 OVER HERE

The second curve of Figure 3 — which approaches the vertical axis as 1; goes to zero —

is based on (12') after insertion of (4") to eliminate b:

1 -1,i  tF(h)
Ii=h- H{ lo , =0 (12!!)
T e + dLy/Ls |
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The slope of h with respect to 1 is

—H,/1%

1-(1- a)[ﬁ"r_'—_—;’ngmy]

with y(h) = g'h/g < 8= F'h/F. For l; » 0 we have h -+ o and dh/dl; + (~w) (for a proof see

dh/dl; = <0

appendix B.2). Moreover, (12") exists,on the whole intervall 1; ¢ [0, 1] and as 1; is one, h is
zero. Therefore in F igure 3 (12") cuts (13"") twice or not at all. The first cut at low values
of 11 is such that (12") comes from above and because (13'") ends at 1; < 1 but (12") goes
to lj = 1 there is a second cut from below. In Figure 3 this case is drawn. An exceptional
case could be that the curves are tangential to each other, yielding a unique solution. A
higher rate of taxation t shifts (12'"") upwards and to the right because it requires a higher
value of 1; (or h) for any given value of h (or l;). In the limit for £~0 it follows from (12'%)
that h goes towards zero for all lj. This implies that there are always sufficiently low tax
rates at which two steady states exist whereas the case of a unique or no steady state at
high tax rates cannot be proven but also not excluded. These unproven cases will only be
treated in appendices B. If there are two steady states, the impact of t on h is that h
decreases with higher t at the steady state with the higher h and lower 1; thus contradicting
the idea of this paper and increases with t at the one with higher 1; and lower h thus
supporting the idea of this paper.

In the third step we show that the steady state with lower (higher) h and higher
(lower) 1j is (un—)stable. Therefore at the stable steady state higher taxes will lead to

higher growth rates. In appendix A it is shown that the curves for b= 0 and ¢ = 0 and the

arrows for the dynamics can be drawn as in Figure 4 below. The slépes can be understood

INSERT FIGURE 4 OVER HERE
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intuitively as follows (for the full complications of a rigorous analysis see appendix A). For

the b=0-line the partial derivative of b = 0 with respect to 9 is negative because the
higher the shadow price of technology the higher the growth rate of technology and
therefore the higher the growth rate of the denominator of b. This effect dominates the

output enhancing effect of the increase in human capital which increases the numerator of

b via taxation. The partial effect of b on b =0 is ambiguous. Higher b also increases
technical progress and therefore the denominator of b. One can show that for low values of

b the impact is negative and for higher values of b it must become positive. Therefore the

b=0-line must be u—shaped. This bears some similarity to the stationary line for the
capital-labour ratio in the standard neoclassical growth model. What differs from the
standard model is the line for a coﬁsta.nt shadow price. It is not vertical as it would be in
the standard model. Society can invest in A and B now. Its simplicity is lost in a model

with three production functions. For the locus of a constant shadow price we have the usual

unstable effect of the shadow price ¥ on its rate of change and a higher b decreases ';b,
because it induces a higher rate of technical progress and output and therefore decreases

the shadow price of technology. Therefore this slope must be positive. Arrows follow quite

analogously form (9b/ 0y < 0 and 01,0/ db < 0. The steady state at the higher levei of b is
completely unstable. The steady state at the lower level of b is (un—) stable in the saddle
point sense. The unique stable trajectory has a positive slope. A higher shadow price of
technology provides an incentive for producing more technology and demanding m§re
human capital (per labour efficiency unit) and a higher stock of public knowledge provides
an incentive for households to produce more human capital (per labour efficiency unit
supplied to firms). This generates a higher equilibfium value of h which leads to a higher
rate of technical progress.

Starting from the saddle point stable steady state one can see from (4') that a higher
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value of taxation t leads to b > 0. This means that the economy is below the b = 0 line

after such a shift in taxation. The b = 0 line is therefore shiftéd upward. The new steady
state will be at higher values of b and ¢ and thérefore at higher values of human capital, h,
and technical progress. Moreover, the analysis in the h—lj—plane showed that higher h is
associated with lower ];. Labour will be shifted to education. QOther movements than those
of saddle point stable trajectory are discussed in connection with the possible case of no
existence of steady states in a.ppendix'B. In the models by Shell (1967), Barro (1990) and
Saint—Paul and Verdier (1993) there is also a distortionary effect from taxation which
biases against the formation of (human) capital. Whether or not this effect outweighs the
effect presented above is an empirical question. The evidence on this distortion is weak
until now. Easterly and Rebelo (1993) find a negative but insignificant impact on growth
rates in a cross—section study. Koester and Kormendi (1989) find that there is an negative
and significant effect on the level of the path but not on the growth rate. But Otani and
Villanueva (1990) find a positive effect of the share of public expenditure on human capital
per unit of GDP on growth rates. Given the simplicity of the model it is rather
straightforward to interpret the tax rate t as that share because the distortionary effect of
taxation is absent. What remains is the expenditure effect. Putting it differently, the result
by Koester and Kormendi (1989) suggests absence of effects of taxation on growth rates
whereas the result of Otani and Villanueva (1990) suggests that the way of spending
matters. The result that a higher share of output should be shifted to public educational
purposes to reach more growth bears great similarity with the World Bank's (1990, 1991)
suggestion to further education. The World Bank suggests to take the resources from the
military complex which may be considered as part of consumption from which it is taken in
this model. In view of this model this policy is of the "redistribution with growth" type
(see Chenery et.al., 1974) because the increase in the tax rate is a permanent one.

Finally, the impact of higher discount rates and the rate of employmesit growth is
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analyzed. A higher rate of time preference used by the firm will lead to ¢ > 0 from (8').

The 1/} = ‘0 line will be shifted downwards. The new steady state will therefore be at lower ¢
and higher b. The firm has a weaker incentive to produce technical progress and demands
c.p. less human capital but households have a higher incentive to supply human capital
because of more public knowledge available. Higher b and lower ¢ lead to higher 1; because
it was shown above that dlj/db .> 0 and 0dl;/8¥ < 0. The analysis in the h—l—plane as
summarized in Figure 3 showed that at the stable steady state higher 1; 1s associated with

lower h and therefore less technical progress. Higher impatience will thus lead to less
technical progress. Higher employment growth will have the opposite effect, shifting 1;b=0

line up leading c.p. to higher technical progress, but the b=0 line will be shifted downward
through higher employment and therefore has the opposite effect on technical progress. The
net effect of employment grthh on technical progress is thus unclear. Figure 2 contained

only the latter effect.

6. If i were the government: Household preferences for optimal taxation levels

Up to this point of the analysis the tax rate t.has beén exogenously varied. The question
then is whether or not the different willingness to pay taxes also exists in the long run
(steady state) or only in the short run. Growth theory has provided some examples of
effects that are present in the short run but may be irrelevant in the long run. This is the
reason why we consider individuals' optimal choices of st;ea.dy states. In particular,
differences in individuals' willingness to pay taxes may be small if compared to the income
increases from higher technical progress. We want to show the conditions under which even
in the long run, the sha.d<')w prices of technology, A and public knowledge, b, and therefore
the rate of technological progress A is higher for individuals with higher abilities if they
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have identical preferences. A second objeétive of this section is to relate the willingness to
pay of an individual with average income to that of a median voter as it is done in the
literature on political equilibrium in endogenous growth models discussed in the
introduction. In this section the individual choice of the tax rate is treated under the
assumption that the individual takes the working of the whole economy into account
without expecting any transactions like compensations between government and household
except taxation.

The individual is assumed to maximize his utility from consumption which equals net

income:

Mo of” 7T 10N} dr = of° T UIY(n(L - )] dr

= of" TV {w(t! - L) + ALE[el(1 ~ 1)Li/Ly b} (-1 Jdr

where H is the production function (3) after having divided its arguments by AL. The time
index has been dropped in the last equation. Here w is an abbreviation for F2A + $AhGy/l;
according to (9) and q is é,n abbreviation of F; + 9Gifl; according to (7). The

maximization is subject to. (4", (8') and g(h)Aj= A with.h = h(4, b) and l; = }i(¢, b). A
special case of this maximization is that of an individual with avefa.ge income and abilities.
His problem is identical to that of maximizing utility from per capita consumption.(If
transfers could correct the result of the flat—rate income tax such that each individual
would be in the same position as under Lindahl prices this aggregate consumption‘
maximization would be a reasonable objective. If information to find Lindahl prices 18 not
available, aggregate consumption maximization becomes a dubious goal. It seems equally
plausible then to assume that no compensation takes place and each individua} expects no

transfers and cares only for his ideal tax rate in the political process. This case is
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i,A and /\i,b as

considered here. Two of the necessary conditions for an optimum (with A

co—state variables for A and b respectively and ¥ for the Hamiltonian) are
0¥/t = —Uhry! 4 AP LR = 0 (14)
which implies
AP = Uiyl E | | (15)

An individual with higher income weighted with marginal utility has a higher shadow price

for public factors.
— 80 /A = — UN(YY/A) (1 1) — AbAgm) = AbA _ pHbA (16)

implies for a steady state with AA_g b gl o(g+e) with o =— U"Yi(l—-t)/U'
XA = UM - 4)YY/(o - g)A (17)

(17) méans that an individual with higher net income (l—t)Yi weighted with marginal
utility will give a higher steady—state value to technology A expressed through higher /\i’A
if p > g. Given an initial value A(0) this is an incentive to have a higher A in the future
which requires higher technical progress g(h). Therefore individuals with higher abilities ei
who have higher shadow prices of technology in their function as hypothetical gox}ernments
prefer to have higher technical progress which they can achieve through higher taxation as
was shown in the previous section. Deriving steady-—state values of Ai’b and /\i’A with

respect to Y! shows that they are higher (lower) for higher Ve (from higher abili‘ties) if
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o= —UNI—)Y/UY < () 1 (18)

In determining desired tax rates not only does the marginal product of public factors in
human capital formation matter but the elasticity of marginal utility from consumption as
well. The suggestion that more able people want higher tax rates and higher levels of public
factors and technical progress only holds if marginal utility has a low elasticity with respect
to net income (if p > g) which means that marginal utility does not decrease strongiy as
consumption grows. In this case preferences can be viewed as very materialistic. The reason
is that the willingness to pay. as expressed by the marginal product of public capital in
human capital formation indicates the current benefits from an e);isting stock of public
capital. The tax rate, analogous to the saving rate in the standard optimal growth model,

determines how much will be invested in the stock of public capital. In this model without
capital market this is the only form of savings which feeds public investment B directly

and private investment A indirectly by having a negative impact on the cost of forming
human capital. The households preference for high or low tax rates in the dual problem
defined above therefore are quite analogous to those of private savings: low (high) o
indicates a preference for high (low) savings or taxes. If the elasticity o is zero under an
assumption of linear utility or income or consumption maximization as in Creedy and
Francois (1990) and Perotti (1990), preferences do not appear explivcitly in the formula for
the desired tax rate. If. this elasticit& equals unity all households want the same tax rate in
this model as in Glomm and Ravikumar (1992) where log—linear preferences have been
used and education of the future generation for which the tax revenues are used is an
argument of the utility function. In Alesina and Rodrik (1992) we also find a unit elasticity
value of the utility function, ‘but the revenues do mnot go completely back into current
utility. They are used for public investment which increases output which in turn is only

partly consumed. Therefore, the more capital poor the voter the less he is déumaged by a
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distortion and the higher the tax rate he desires. Saint—Paul and Verdier (1993) also use a
log—linear utility function but its argument, 'childrens income' consists of two additively
separable parts one of which is government expenditure. The result here is also that poorer
people prefer higher tax rates. However, inequality and public support for education vanish
in their model. This is not the case in this paper because individuals differ with respect to
abilities and not with respect to initial endowments. In Persson and Tabellini (1991)
preferences are homothetic with the implication that indirect utility is linear in households
abilities. The result is that desired tax rates depend on the abilities of voters such that
their impact cannot be outweighed by properties of preferences: less able (poorer) people
want higher taxes. In sum, the only result where the expected outcome of poorer people
wanting higher tax rates does not hold is that of Glomm and Ravikumar (1992) and in the
case of an elasticity larger than or equal to one and p > g in this model. As a consequence,
a median voter who is poorer then the average citizen will desire a higher tax rate in this
model (as in all other models except that of Glomm and Ravikumar, 1992), if he has
inelastic marginal utility.

This result may be different once capital income is introduced and taxed at the same
rate because the distribution of capital then matters as well. An individual who is
"median" with respect to abilities may have a high capital wealth and therefore a low
Wﬂlinghess to pay income taxes, also leading to tax resistance. Whether a person is on the
favoured or the disfavoured side of a distributional conflict will always depend on all t{he
sources of heterogeneity and all the public goods and factors modelled as well as on the tax
system used. Up till now all the papers with endogenous long—run growth rates contain
only one of the sources of inequality and very simple tax systems. Future work will
hopefully be able to construct models with both sources of inequality (or even more as land

endowments emphassized by Persson and Tabellini, 1992) and less simple tax systems.
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7. Summary and conclusion

In section 3 we have shown that individuals prefer different tax rates from the point of
view of their temporary private decisions, because families with higher ei have higher
marginal products of public factors B. In the previous section we have shown that the same
results can be supported from the point of view of a dual approach in which the tax rate is
viewed as a governmental decision variable and an indirect utilityA or consumption function
is maximized, provided that marginal utility is inelastic with respect to net income in the
case that the rate of discount is higher than thé rate of technical progress. In section 5 we
have shown that higher tax rates lead to a higher level of public factors and higher
technical progress in a steady state. As households with higher abilities will prefer higher
tax rates and rates of technical progress than households with lower abilities, the crucial
question is which of these distributional interests are implemented by politicians. In this
view the political resolution of conflict is as important as corrective taxation or historical

accidents determining lock—in or lock—out.

Footnotes

1 An alternative interpretation of the technical progress function could start from a

learning—by—doing a.ﬁsumption A=b | tY(s)/Ll(s)ds, with b > 0 so that A = bY/Lj as in
Conlisk (1967). Insertion of the production function (1) also yields the technical progress
function (2). However, learning—by—doing also ends with the life of a worker.
Intergenerational knowledge transfer is partly the task of a firm (see also Prescott and
Boyd, 1987 on this point) and :paxtly of public libraries and schooling institutions as in this

paper. A pure learning—by—doing view ignores both. -
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2 This is of course quite the opposite of the assumption in Lucas (1988), who assumes that
each generation inherits more human capital than the previous one. However, Lucas must
do so because he identifies technology (A in our model) with human capital owned by the
households. A rigorous formulation of human capital accumulation with finite lifetimes of a
continuum of generations can be found in Imhoff (1989). There human capital does not

have the same effects as technical progress because there is no growing legacy of knowledge.

3 This is a special case of the more general form B= t"wLy + t9qH, where w is the wage
rate and q is the price for the use of a unit of H, both in terms of output. The flat—rate
income tax used in (4) is the excess burden free form of this more general tax scheme.
Under this more general tax system the left side of (11) would have to be multiplied by (1 —
t") and the right side by (1 — t%). Unfortunately this leads to complications in the model

which make it unsolvable.

4 To see that a corner solution Ly = 0 is not superior, rewrite the Hamiltonian as II =
ALy[F(h,1) — gh — w/A] + ¢Ag(h). First order conditions can then be written as 0l /0h =
ALy(Fy—q) + ¢Ag % 0 (7a); 01/ 0Ly = AF(h,1) — qh —w/A) % 0 (9a), —0ll/0A = —Ly(F

— gh —w/A) — wLi/A — ¢g = ¢é — pé (8a). For an interior solution the Hamiltonian was
shown to be ]I* = ¢*A*g* in the text. For a corner solution it is I° = ¢“gA®, where g = g
because OIl/0h = ¢Ag' > 0 for Lj = 0 and guarantees that 1° is finite. If both solutions
have finite values in the beginning, their growth rates determine which one is higher in the
long run. From (8a) we get ;5C = p—g for Ly = 0. Therefore II° = p. For steady states it is
shown later that ;5* = ¢ Therefore ﬁ* =€+ g*. p < e+ g* is therefore a sufficient
condition to make sure that the Hamiltonian is larger for an interior solution at least in the
long run. As the interio1: solution yields zero profits, losses of an Li=0 phase if H > 0

cannot be regained later. Therefore the interior solution given above is the only possible
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one under the assumption of price taking behaviour.

5 In the Solow model with exogenous technical progress and constant returns to scale one
can either fix the number of firms or the size of the firm the other of the two variables
being determined by equilibrium demand. In the model of this paper with endogenous
technical progress one must make additional assumptions on knowledge. If there is only one
firm that can keep the knowledge invented secret, e.g., through patents with infinite
duration, then one receives a horizontal cost funétion for each point in time which is driven
down over time as A increases. If patents canf expire or knowledge has leaked out some

way, then the knowledge is public and there may be many firms j using the same

knowledge, each having the same production function F(HJ, AL]‘]) but not producing A.

Again perfect competition is no problem. But then one makes a distinction between the

innovator with production function A= G(Hj/ Llj, A) and the imitators who may have no
such function but for example imitate costlessly because knowledge can't be kept secret.
Both are making zero profits if they behave as price takers as it is optimal for and thus
required by households. So price "takership" is logically possible in this setting. Only if
there is an unequal distribution of shares of a firm owners may be interested in firms using
monopoly power. However, distribution of capital ownership is going beyond the scope of

this paper.
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Appendix A

I, and I are two equations for h and 1j depending on ¥ and b. Total differentiation with
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respect to h, 13, b and ¢ yields a system of the following structure:

Izh Izl1 dly Iy I dy

The derivatives of I; and Iy with respect to h and lj are as follows (for details of the

derivations see appendix B.3):
Ilh =1
Iy = [1=li= afl/(1 - A (F/B) - )] >0 if > 1(h)

1y, = w7 el 0

In the neighbourhood of ib= 0 we have

T = ¥Gih -
K yrearanvib

The denominator is positive because the existence of steady states requires 1y < (1 — 8)/(1 —
B+ af) which had been derived above from (13').

The first matrix of the system then has the determinant

+ -+ o+

The elements of the second matrix are



Ly /L2

Iz¢= —Gih(1 -1 + alj)) <0
The relation between h, 1{ and b, 9 can then be calculated as

0h/6% = = (I L1y /D] >0
—_ - - + —_—

511/6b=—12h(—11b)/|D| >0
S T —

/0y =11y (-T2)/|D] <O
+ —_—— —

The explicit form of the differential equations then is
b = tly(b,$)F[h(b,¥), 1] — {g[a(b,¥)] + e}b (= 0=Jy)

b= {p— ¢~ Calh(b, )]} — Falb(b,)u(b,¥) (= 0= o)

37

As we know from Iy that h approaches zero as b approaches zero we can see from J; that all

terms approach zero as b approaches zero. Therefore the b = 0 line must be in the
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neighbourhood of the vertical axis as b approaches zero. To determine the slope of the b=

0 line we compute

/% = —p -

{¢¥Gi(1 -1 + al))(B—1—Guh/Gy)(g + €)/l1 +

PG

+
+[(g + eFih/F - g'h}(I_ﬂ) (T)=afl; }-(g+¢)

Iy, b___— (1 - a)h

As T = D] becomes zero as b and h approach zero and there is no reason

for the term in brackets to go to infinity and g(0) = 0 we have

limﬁl; b=—¢€ ' a
Lim db/ | (2

Moreover we have

o
o/ 09 = _mfi/' {F (1~ Ll F1/F) — g'boh /0y < 0 (b)
- - 4

if the term in brackets is positive which can easily be shown.

From (a) and (b) it follows that

dpfdb| == (0b/b)/(Bb/Y) <0
b=b=0
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Thus the b = 0 curve is falling in the neighbourhood of the vertical axis.

The derivatives of J4 are

61}/6}3:—(}21%}%10—5‘21%%11*]?2 -g-éJ(O
+ +

-+ + -+ + -
3¢/¢=(/0—6—(}2)—(}21%%1#--1'“21%%--1"2glal

+ -+ 4+ -+ +- + -

This term unfortunately has an unclear sign. Because 0h/@4 deperids on F, Iy ¥ and Illl'

which all approach zero for h = 0 and this is the case for b = 0, we have

lim g¢/¢=(p—e)>0

,

Therefore in the neighbourhood of b = 0 we have
dv/0b| == (0%/B0)/(04/09) > 0

Thus the 1;b= 0 line has a positive slope in the neighbourhood of b = 0. Moreover, for ¥ >0

we have

lim ¢ = —Fal; < 0
40

Thus in the neighbourhood of the horizontal axis 9 is falling as indicated by arrows in
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Figure 4 and the 1Z’ = 0 line can't converge to the horizontal axis. Furthermore, for h-0 as

b~0
1im¢=(p——e)¢>0
b0

Thus % is increasing in the neighbourhood of the vertical axis and the ¢ = 0 line can't

converge to the vertical axis. As the VJ = 0 line can't converge to the axes for b-0 or ¥~0

separately and has positive slope for b=0 it must come from the origin.
Because 6¢/ 0b < 0 implies that ¢ is falling to the right of ¢ = 0 and to the left of 1,&
=0t is increasing, the 1/! = 0 line can't become falling for higher b because then 1 would

have to increase to the left of the falling part but also would have to decrease below ¢ =0

which would imply opposite directions of the arrows on the same side of the curve which is

a contradiction. Therefore the ¢ = 0 curve must have a positive slope throughout.
As we know from the steady state analysis in the h—lj—plane summarized in Figure 3

that there are either (at least) two steady states or no steady state, we can conclude that

the b = 0 line must be u—shaped as indicated in Figure 4.



41

APPENDIX B (NOT FOR PUBLICATION)

Appendix B.1 (Derivation of Figure 3 from (13'")

If 1y is zero in (13"} ite right hand side i zero. Therefore the left hand side must also be

zero, Imlying

- = =0} il Gilhh =[5 — ¢ — Tk
1 = =g " or 2i(hjn f p— ¢ — Gy(h)]
The functione of the last equation are drawn in Figure 5. If h is positive (zero), Gols

INSERT FIGURE 5 OVER HERE
poeitive (zero) too, The right hand side is a falling function of h with vertical intercept p—E.
The left hand side starte frem the origin and is Increasing in b if Guh/S1 + 1 > 0 and
& E :
muet therefore intersect the curve of the right hand eide. Thue, for 1; = 0 there s & nnigue
- G

solution k-,

The elope of the (13'") is

dli/dh =

(b — e — Ga) “[lp — ¢ —Ga)Guih + G1) ~ Gih(~Cm)] (1 — L + ab)




For h = 01t 15 negative becanse

{p — ) 7lp - 30 — i + aly)

éﬂhidhj = — .
h=0 -1 — af/(1- £ )

O 5 5 - -
and for h = L {at I3 = 0] 1f becomes also negative

dlif dh =

, N e " s .

{p0 — ¢ — Ge) “[{p — ¢ — Ge¥Guah + G1) — Gih{-CGa)](1 — L + aly)
<0

7 4

becauge p — ¢ — Gz > 0 for ¢ » 0O, Guh + Gy > 0. Ag the denominator of the slops g a
menctonically increasing function of h and independent of 1i and the slope 1e negative for
the highest possible value of h = h” the denominator cannot change sign between b = 0
and b7, 13 = 1 (13"} leads to & contradiction. This shows that the function intersects the
axes at h = 0 where i < 1. At h = 0 we have i = [1 + «f/(1 — ﬁ}]—l, Thig is the
maximum value for 1. It implies that

max af HES 4
0=1—1 8% _ wff _, max

3 - 1 _’F 1

MAE s A : max &, ? max
1 ;1+1 x=1, 11 + 1—1.11 =]_

F2

So in the nelghbourhood of steady states we have that Iy must be such that

1—11—1—‘3%71130,



Appendix B.2 [Slope of (12") at 11 = 0]

The sglope can be rewritten as

. . .-'yr ]
1+ ¢jglhy

Ag 11+ 0 we have h -+ w, and therefore lim dh/dli = —m.
1340

Appendiz B.3

To derive the arrows drawn in Figure 4 we rewrite Iy, and Is:

= h—Hil ih E'.i, b‘fll 1=10 (129
lA Li;Lﬁ

Fa — #Gih/l
F1 + #Gi/11

Iy —ahli/(1-1) =0 (13"

Multiplication of {12') by the denominator of the fraction yields

Fz — G/l — (Fi + ¢33/ l)ahli/(1-1) =0

Using Fih/Fz = F/{1 — f) this can be rewritten as

Iz = Falh)h[1 — L — afls/(1 — )] — #Ca(h)h(]l — 1 + ali) = 0

o,
)
[}

R



From (12" it follows that h= Oifeither b =0 or 13 = 1. From (Bw) = 0 would imply L1
=(1-8)/01-F+ crﬁ) < 1. Thie value had already been derived as & limit for li in

appendix B.l. & positive ¢ therefore requires that 13 be emaller than that value.

I; and Iz are two equations for b and 1; depending on 4 and b. Total differentiation with

respect to b, 1y, b and ¢ vields & eystem of the following structure:

{Iih I'lliJ {fu’l_:l L l::['lb Il@} {d}}}
. ) dla} = ' ) Ay
L L:l‘l L, I‘l‘

L

The derivatives of [ and Is with reepect to h and 1y are as followe.

Iy = Faulill = b — afl/(1 - £)] = Fali|1 — 11 — afli/(1 - F)[(Guh/G1 4+ 1) =
[1 1= afla/(1 = £)] [Faads — (Fals/R)(Guah/Ga + 1)] =
[1 =L~ aflf/(1 = F)] (Feli/h)[Farh/Fy — (Gub/Gi + 1)] =

[1—1i—aflf(1— F)] (Fali/h)f — ()] = 0 if f 4(h
1] U4/(1— £l (Fali /) — #(b) £F % k)
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1111 = — Hlﬁlh—g[h{—l 1 —1(1—11)] — Ha b

i 1'111 i -—E} R s

= Hiellr ? + Hy 200170 < [a/(el 10062 4 (1 - st~
L;’g_fL;;; -

— 1‘111_1[C¥(:1 _ 11}—1 + 1 — r.z] - 1’111—1 & +1(3 1—;’1}(1 - ll} — hh—l L:T]—E_-E—L*—].i 0

Teo find the sign of Ig—h we consider Iz only in the neighbourhood of ¢ = 0. Eliminating the

Fe—term in Iz = 0 using 4 = 0 yields
Ii=(p —e—Ga)¢[l —li— «fli/(1 — F)] — $Gah(1 — i + ali) = 0.
Derivation with respect to 15 yields

1211

= (;? —&— Gz}’i[![—-l — x’kﬂ;’{l — ,ﬁ)] — ?,11‘53-111(—1 + -:‘xj

Using Iz = 0 again to eliminate the firet term in brackete yields

Iy, = $Gsh(1 — L + ah) — =1 — af/(1 — B)] ~ $Cah(~1 + &) =
Yol -h —hef/(1 - A)

#3h

1 —-L — haef/f1 - B

{(1 =L+ aly)[-1 - af/(1-F)] + [1 -} —Laf/(1 - AI1 — a)}

Multiplying the denominstor snd the sscond row of the product by {1 — £), doing the

multiplication in the second line and cancelling terme yields



A4
g 1h - 4
V - l}l -_! _ ‘:}: }. :'__ O

(1 - /(1 =1) — af

Iy, =

1 . . ... . .
From ( 13! } one can see that the denominator ie positive for # » 0. This was nsed above to
derive the upper limit for 15

The first matrix of the eystem then has the determinant

DI = Tay Ty =Ty Loy, <0

+ - + +
The elements of the second matrix are

Iib =—H§gl-‘i}-—1-—- < 0
Ly [Lg

12%{) =—CGih{1—1li+ ali) < 0
The relation between h, I1 and b, + can then be caloulated as

dh/db = “hbl"ﬂiffm =0

-_— . - + ———

/3% = = (Tag)Tyy/ID] > 0

-ﬂg’dh = — Iighf:—hb}fl Dl>a
- 4 - _
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The explicit form of the differential equations then is
b = tla(b, ¢ IF[L{b, 4, 1] — {g[h(b,)] + ¢¥b (=0 = 1)

b= {5 — ¢~ Gaf (b, )]} — Falu{b, p)]a(b,#) (= 0 = Jo)

The following information will be collected in Figure 6.

As we know from Ii that b approaches gero as b approaches zero we can see from Ji that all
terms approach zero ag b approaches zero. Therefore the b = 0 line must be in the

neighbourhood of the vertical axie ae b approaches zero. To determine the slope of the b =

0 line we compute

Fo/db = t{Fal1 /@b + 1iF18h/3b} — (g + ¢) — ¢'bdh /b
+ + =T+ =T 4

R . D
__1- t — il — — [ £
To7 P+ BhFi—gh) —pr (gt e)

I
= TI—}I:‘{”:*IF + (tLhF1 — 't ).‘L{l NH—(g+ ¢

Ingerting the resulte for Igh and Iigh and using b=0 ane gets

llb})
xq}' !n‘;b = TT_—'—



h[)"lh'l —Li+ rﬂ_ﬂ(ﬁ -1- ‘Jul&/k}l,u‘g + -*:I}'h +

) NI + 4G w L )
+ g + IFb/F — e Wy oy (€ o)

Iip. b , ;
A _ lb ! - ‘:1 - Ek)h e o e oo L I — e ot N o
A8 =T = D] becomes zero a8 b and h approach zero and there is no reagon

for the term in brackets to go to infinity and g(0) = 0 we have

lim db/ob =—¢ (8]
b+ 0

Moreover we have

8b/ & = H(Fal/ 3 + LF13h [ 8) — bk /oy
- + =T

- 1:,1’ I’_} 111. : - Ig"‘)- . .
= tF 57 + thFs —n'é[ﬁ — g'ba/ = —pr® (1F ~ thFaly ) - 'bok/ oy

= 7 tF (1~ lily Fi/F) ~ g'b0h /39 < 0 (b)
~ -+

if the term In brackets is positive. This will be shown next through insertion of 1111.
1

= ﬁ [(1—1)(1—F)~ afl] = %—:—‘% [1-Li—afL/(1-£]>0



The last result of &}31-::‘.;1:_11} E.1 was that in the l'l_E‘-.:lgl'Lbilurl'ujt}d aof & steady etate with 9’4’ % 0,

1; must be emall enough to make the lagt term positive. This can also be seen from (137 ).

From i: z“:‘ and (b} 1t follows that

/by = — (/B (b)) < 0
b=h=

Thusg the b = 0 curve i¢ fallimg in the neighbourbood of the vertical axie.
INSEET FIGUE & OVER HERE
The derivatives of Is are

7 3 .
jdb = —H'l'ff%'?l'- le.,%h_

3
-+t + -4+ -t

- _ ) ) . N
aﬁ’lf’bf-’:(ff!—15—(32.}—{_?,21_{3_% 21_5%_F2 _j}l
+ -+ + -+ +- + -

Thie term unfortunately has an unclear sign. Because dh/d4 depends on Fy, [ iy and 111 ;

\a;.ulf'h all SPPLoac L zero f:::l" h 1§} and fhlt ig the cage for b = J’ we ha.ve

lim d¢/oh=(p—z) 35 0
b, h=0

Therefore in the neighbourhood of b = 0 we have



Thus the gz"a = 0 line has & positive slope in the neighbourhood of b = 0. Moreover, for ¢ - 0

we have

lim $ = —Fals < 0
;.Hﬂ
Thue in the neighbourhood of the horizental axie ¢ is falling ae indicated by arrows in

Figure 6 and the # = 0 line can't converge to the horizontal axis. Furthermore, for ho0 as

b0

limgp=(p—eip>0
b=+0

g ¢ 18 incre mm the neighbowhood of the vertical axiz and the ¢ = 0 line can't

onverge fo the vertical axis. As the ¢ = 0 line can't converge fo the sxes for b=0 or ¥-0

separately and has positive slope for b-0 1t must come from the origin.

Because d9/db « 0 implies that to the right of ¢ = 0 s ¢ is falling and to the left of ¢ = ©
it g increasing, the ¢ = 0 line can't become falling for higher b becauss then  would have

to increase to the left of the falling part but aleo wonld have to decrease below ¢ = 0 which

would imply opposite directions of the arrowe on the eame side of the curve which iz &

contradiction. Therefore the y’l = 0 curve must have & positive slope throughout, This is

indicated by the dached line in Figure 6.
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Ag we know from the eteady etate analysis in the h~li—plane summarized in Figure 3 that

tates or no steady state, we can conclude that the b

there are either (at least) two steady eta
= 0 line must be u—shaped as indieated in Figure 6. If there were three steady states which

we can't exclude in view of Figure 3, the u—curve would hav

g;I|

ve to go down again, if there

were four it would go up again and so on,
In sumn, the analysie of the existence of & steady siate in the h-1i—line together with some
resulte for the conventional analyeis of the dynamice allowed to find the dynamic properties

of the model.

Figore 7 containe the dynamics of the cage where there ig no steady state. These arrows can

be concluded from

dpidb < 0 and db/dh <0

INZERT FIGURE 7 OVER HERE

To the right of ¢ = 0 the values for ¥ must decrease and to the left they must Increase.

Above b= 0 the values for b must decrease and below L = 0 it must increase. The dached
Iines indicate possible paths for ¢ and b. On the path where b and ¢ are increasing we zee

from Shf3Y > 0 and Ah/8b » 0 that L will be increseing as long as we are in the

neighbourhood of the vl = 0 line, because the sign for Igh could only be derived for the
assumnption of being in that nelghbourheod. If b 16 falling and ¢ is increasing this induces 1

to fall and if b ie meressing and ¢ 1s falling thie inducee 15 fo increage. This movement of I



wrl
2]

i limited by ite upper bound derived in appendiz B.1. The cage for two eteady states is
pumiiarized in Figure 4 in the fext.

If such & case of no steady state exists then between that one and the proven case of
two steady states there muet be & case where the curves are tangential to each ofher. This
cage would be stable in the gaddle point senee from the left and unetable from the right.

Here the rate of technical progress would be higher than in all other stable steady states. If
there are more than two steady states those with a falling 11—0 line will be stable in the

gaddle point sense and those with increasing =0 line will be unstable.
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